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Abstract
The type IIA and type IIB supergravity actions in d = 10 dimensions are the low-energy effective
theories of type IIA and IIB string theory. In addition, the unique eleven dimensional supergravity
theory is the low-energy effective action of M-theory. Higher order corrections to the low-energy
effective actions of these supergravity theories contain perturbative and non-perturbative effects
of the corresponding string theories and, as such, understanding the structure of the higher order
terms provides an insight into the perturbative and non-perturbative formulations of string theory.
The U-duality groups of type IIA/B string theory and M-theory compactified on a torus to
d < 10 dimensions puts powerful constraints on the higher derivative terms in the effective actions
of these theories. In particular, the higher derivative terms in d = 10− n dimensions are required
to possess coefficient functions that transform as En+1 (Z) automorphic forms. These automorphic
forms are complex mathematical objects that encode all the perturbative and non-perturbative
features of type II string theory and M-theory compactified on an torus to d dimensions.
We investigate the structure of the higher derivative terms and their associated automorphic
forms in the effective actions of type IIA/B string theory and M-theory. Constraints on automor-
phic forms appearing in d dimensions by dimensional reduction of arbitrary higher derivative terms
in the type IIA, type IIB and M-theory effective actions to d dimensions are obtained.
The behaviour of higher derivative terms in the d dimensional type II effective action in specific
limits of various parameters is analysed. We derive a group theoretical interpretation for each
limit. A general formula is given for a class of automorphic forms in these limits.
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1 Introduction
In the low-energy limit, the type II string theories and M-theory may be expressed as effective
theories of their massless modes. The effective action S for type IIA/B string theory is an expansion
in the Regge slope parameter α′, which is related to the string tension T that acts as the coupling




S(0) + α′S(1) + ...+ α′kS(k) + ...
)
, (1.1)
which, in the α′ → 0 limit reduces to the corresponding two derivative type IIA [1–3] or type
IIB [4–6] supergravity action. Analogously, the effective action of M-theory is an expansion in the
eleven dimensional supergravity coupling κ11 that reduces to the two derivative eleven dimensional
supergravity [7] action in the κ11 → 0 limit. By dimensional analysis, the terms appearing in the
effective action of type IIA/B string theory and M-theory at order k contain 2(k + 1) derivatives.
The effective actions of type IIA/B string theory and M-theory are important as they encode
all of the perturbative and non-perturbative effects of these theories. The two derivative terms
that make up S(0) in equation (1.1) are fixed by supersymmetry and have been known for many
years. However, only a handful of higher order terms in the type IIA/B string theory and M-theory
effective actions, beyond the two derivative supergravity approximation, are known.
Several approaches have been adopted to determine the higher order terms in the effective
actions of these theories. Firstly, string scattering amplitudes may be used to deduce the terms
in the effective action that reproduces them. Another method is demanding conformal invariance
on the string world sheet which requires all beta functions to vanish. The vanishing of the beta
functions may then be interpreted as the equations of motion of the background fields and one may
attempt to construct an action that reproduces these equations of motion. Thirdly, the effective
actions of type IIA/B string theory and M-theory are strongly constrained by supersymmetry and,
in principle, this may be used to deduce the higher order terms. Alternatively, one may use the
duality symmetries of type IIA/B string theory and M-theory to investigate the structure of the
higher order terms in the effective action.
When dimensionally reduced on a torus to d < 10 dimensions type IIA/B supergravity and
eleven dimensional supergravity are equivalent. Moreover, it has been known for some time that
type IIA/B supergravity compactified on an n torus, or, eleven dimensional supergravity compact-
ified on an n+ 1 torus gives a d = 10− n dimensional maximal supergravity theory that possesses
an En+1(R) hidden symmetry [8–11]. The quantisation conditions on the brane charges [12, 13]
ensures that only a discrete subgroup of these continuous symmetries may be preserved in the full
theory. This led to the conjecture that the full type IIA/B string theory compactified on an n
torus and M-theory compactified on an n + 1 torus, to d = 10 − n dimensions, is invariant under
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a restriction of En+1(R) to an En+1(Z) subgroup [14] known as the U-duality group. Demand-
ing that the effective actions of type IIA/B string theory and M-theory are invariant under the
En+1(Z) U-duality group in d = 10− n dimensions is straightforward for the two derivative terms
in the action. However, in the last 15 years it has been shown that the higher order terms require
coefficient functions known as automorphic forms to guarantee this symmetry. The automorphic
forms in the effective action of type IIA/B string theory and M-theory are now thought to control
all the perturbative and non-perturbative features of these theories. This thesis is concerned with
investigating the higher order terms and their associated automorphic forms in the effective action
of type IIA/B string theory and M-theory.
The first conjecture involving automorphic forms in the effective action of type IIA/B string
theory and M-theory was made in [15] where it was observed that a specific contraction of four
Riemann curvatures, known as the R4 term, that appears as a leading order correction to the
effective action of type IIB string theory in ten dimensions picks up perturbative contributions
at tree level and one loop from the scattering of four gravitons as well as non-perturbative D-
instanton contributions. The metric used to construct the curvature R is invariant under SL(2,Z)
and the type IIB dilaton φ transforms non-trivially under SL(2,Z). Therefore these perturbative




2φ in Einstein frame, at tree level and one loop
respectively, explicitly break the expected SL(2,Z) symmetry. However, the conjecture of [15] was
that the perturbative and non-perturbative contributions combine to produce an SL(2,Z) invariant
coefficient function ΦSL(2) for the R










where χ is the type IIB axion. It should be noted that this function not only gives the correct
powers of the string coupling gs = e
φ for perturbative contributions at tree level and one loop
and the non-perturbative contribution but also reproduces the exact numerical coefficients of these
contributions. Moreover, the conjectured coefficient function implies that the type IIB R4 term
receives no perturbative contributions beyond one loop. Analysis of the four graviton scattering
amplitude at two loops supports this observation [16–21]. Subsequent work has provided strong
evidence that the conjecture in [15] is correct and that ΦSL(2) is the unique type IIB R
4 coefficient
function [22–24]. In particular it was shown via supersymmetry arguments that the automorphic
form of the R4 term in the type IIB effective action is constrained to satisfy a Laplace eigenvalue
equation [24] and that the s = 32 Eisenstein series in (1.2) is the unique solution to this equation [25].
The ability to extract this constraint on the R4 term rests on the fact that the non-perturbative
contribution to this term arises from 12 BPS states. These supersymmetry arguments have been
extended to the ∂4R4 term [26] and the ∂6R4 term [27] in the type IIB effective action, which
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receive non-perturbative contributions from 14 BPS and
1
8 BPS states, respectively.
The ΦSL(2) coefficient function for the higher derivative R
4 term is the SL(2,Z) Eisenstein
series with s = 32 and belongs to a larger class of functions known as automorphic forms. Further
work has shown that the effective action of type IIA/B string theory and M-theory compactified
to d = 10 − n dimensions on an n torus contains terms with coefficient functions that are non-
holomorphic En+1(Z) automorphic forms [28–48], where the Dynkin diagram for the En+1 Lie
algebra is displayed in figure 1.
n+ 1
n
n− 1n− 2n− 321
Figure 1: The En+1 Dynkin diagram
The theory of automorphic forms is a complex and active research area. There are a variety
of seemingly different ways to construct automorphic forms and it is not clear which constructions
lead to automorphic forms that could appear in string theory or even whether different construc-
tions of these automorphic forms are equivalent. A class of automorphic forms may be constructed
by taking a representation of a group G along with a subgroup H [40]. For the effective action of
type IIA/B string theory and M-theory compactified on an n torus the group G with subgroup H
becomes the En+1(R) group with a Cartan involution invariant subgroup H, where the scalars in
the compactified theory parameterise an En+1(R)/H coset. The representations one may take to
construct an automorphic form that appears as a coefficient function in the effective action of type
IIA/B string theory or M-theory in d = 10− n dimensions is an open problem. Furthermore, it is
known that for the R4 and ∂4R4 terms, the construction of this class of non-holomorphic En+1(Z)
automorphic forms must be modified by certain constraints [37, 40], such that the resulting auto-
morphic form satisfies Laplace eigenvalue equations on the En+1(R)/H moduli space [45, 46] to
appear as the coefficient function of these terms in d < 7 dimensions. This class of automorphic
forms and the associated constraints are discussed in chapter 8.
Much of what is known so far about the higher order corrections to the effective action of type
IIA/B string theory and M-theory is restricted to the lower order terms R4, ∂4R4 and ∂6R4 that
are protected by supersymmetry, although there are conjectures for individual higher order terms
in the effective action of type IIB string theory in ten dimensions [33,34]. In general, higher order
terms in the effective action of type IIA/B string theory and M-theory beyond the R4, ∂4R4 and
the ∂6R4 are poorly understood. Critically, it is not known if terms of higher order than the ∂6R4
term are protected by supersymmetry in the same way, or if some other unknown mechanism could
induce similar non-renormalisation theorems.
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Higher order terms in the effective action of type IIA/B string theory and M-theory in d = 10−n
dimensions are polynomials in the field strengths constructed from R-R or NS-NS gauge fields,
fermionic fields, Cartan forms of the En+1(R)/H moduli space, and contractions of Riemann cur-
vatures with coefficient functions that transform as En+1(Z) automorphic forms. Although outside
of the work in [26,34] little progress has been made in identifying the structure of these terms.
This thesis is based on the work contained in references [28–30] and is concerned with in-
vestigating various constraints placed upon the automorphic forms that appear as the coefficient
functions of the higher derivative terms in the effective action of type IIA/B string theory and
M-theory compactified on a torus to d = 10 − n dimensions. The first several chapters reviews
the concepts and techniques we use to study the higher derivative terms in the effective actions of
type IIA/B string theory and M-theory. In the following chapters we implement the study of the
higher derivative terms and their automorphic forms through these techniques.
In chapter two we review the relationship between the two derivative terms in the effective
action of type IIA/B string theory and M-theory and the corresponding maximal supergravity
theories in ten and eleven dimensions, emphasising the group theory constraining the maximal
supergravity theories.
In chapter three we discuss the compactification process in the context of the effective action of
type IIA/B string theory and M-theory along with the U and T dualities found upon dimensional
reduction, in addition to the S duality of ten dimensional type IIB string theory.
Chapter four provides a brief review of the E11 formulation of supergravity which will be used
to identify relationships between the fields in the different dimensionally reduced formulations of
type IIA/B string theory and M-theory. In addition, the E11 formulation of supergravity is useful
for deriving the correspondence between the limits of various parameters, such as the effective
coupling string coupling gd in d dimensions, and the decomposition of the En+1 algebra of the
U-duality group in terms of subalgebras preserved in these limits, this is explored in chapter eight.
One should note that the conjectured E11 symmetry of type IIA/B and eleven dimensional super-
gravity is not required to hold for the results presented in this thesis to be valid.
In chapter five we take the techniques and results outlined in the first few chapters to dimen-
sionally reduce the type IIB effective action to seven dimensions, where it is known that there exists
an R4 term with an SL(5,Z) automorphic form that is a straightforward extension of the SL(2,Z)
Eisenstein series presented in equation (1.2). Note that in lower dimensions the construction of the
automorphic form associated with the R4 term becomes more complicated. We then seek to write
the two derivative part of the dimensionally reduced action in SL(5,Z) invariant form through
expressing the d = 7 fields, that lie in representations of SL(5,Z), in terms of SL(5,Z) covariant
building blocks constructed as non-linear representations of SL(5,Z), namely the SL(5)/SO(5)
Cartan forms S and non-linearly realised field strengths F along with the d = 7, SL(5,Z) invari-
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ant, curvature R. Using this construction we will put forward a conjecture on the relationship
between automorphic forms of different higher derivative terms in the type IIB effective action in
ten dimensions. It is also observed that the dimensional reduction of any higher order term in the
effective action of type IIB string theory in ten dimensions leads to a higher derivative term in
the d = 7 dimensional type IIB effective action, constructed from the same building blocks, that
breaks the SL(5,Z) symmetry.
The observation that the dimensional reduction of any higher order term in the effective action
of type IIB string theory in ten dimensions to d = 7 leads to dimensionally reduced higher deriva-
tive terms that break the SL(5,Z) symmetry motivated the work contained in reference [28] and
presented in chapter six. In this chapter we demonstrate that the resolution to the breaking of
the SL(5,Z) symmetry by these dimensionally reduced higher derivative terms constrains the au-
tomorphic forms associated with the higher derivative terms of the effective action and applies for
dimensional reduction to any dimension d ≥ 3. In particular, restoring the En+1(Z) symmetry in
d = 10−n dimensions requires a higher order term in the d dimensional effective action to possess
an automorphic form that contains a weight of En+1(R). We also perform a similar calculation for
M-theory and find that the higher order terms in the d = 10 − n dimensional M-theory effective
action possess an automorphic form that must contain a different weight of En+1(R) from that
found for the type IIB case.
Chapter seven is based on the work contained in reference [29]. In this chapter we use the E11
formulation of the maximal supergravity theories discussed in chapter four to carry out the same
calculation as that of chapter six, for the type IIA theory, which is complicated by the fact that the
type IIA dilaton mixes with the torus moduli upon dimensional reduction. However, the resulting
constraint on the automorphic form of a higher derivative term in the d = 10−n dimensional type
IIA effective action ends up being identical to that of the type IIB case. The equivalence of type
IIA/B string theory and M-theory once compactified on a torus to d < 10 dimensions combined
with the results of the calculations in each case provides conjectured constraints on automorphic
forms of particular terms in the effective action.
In chapter eight the construction of a class of En+1(Z) automorphic forms as described in refer-
ence [40] is reviewed and several automorphic forms constructed from representations of En+1(R)
not discussed in [40] are analysed to test their compatibility with type IIB string theory.
Chapter nine forms the basis for reference [30]. We investigate the behaviour of the higher order
terms and their automorphic forms in the d = 10 − n dimensional effective action of type IIA/B
string theory and M-theory in a unified manner through the E11 formulation of supergravity. In
particular, we examine the behaviour of a higher derivative term and its automorphic form in the
d = 10−n dimensional weak coupling limit, the type IIA volume limit, the type IIB volume limit,
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the M-theory volume limit and the decompactification of a single dimension limit. It is found that
each of these limits is associated with a specific node or nodes of the En+1 Dynkin diagram.
As well as containing useful formulae and identities the appendix provides a review of the essential




In its infancy supergravity was hoped to be a field theory of gravity free of ultraviolet divergences.
However, these days supergravity is often considered to be the low-energy effective theory, at
second order in derivatives, of type IIA/B string theory in ten dimensions and M-theory in eleven
dimensions. The fundamental idea behind supergravity is to take a field theory of gravity and add
supersymmetry, which is a symmetry between the bosonic and fermionic sectors of the theory, that
we will elucidate on shortly. The addition of supersymmetry to a field theory powerfully constrains
the field content of the theory and provides a tool to investigate non-perturbative features of the
theory by protecting certain quantities, allowing one to extrapolate from a weak coupling regime
to a strong coupling regime. In this chapter we provide a brief review of type IIA/B supergravity
and eleven dimensional supergravity, as well as describing the correspondence between type IIA/B
supergravity and the two derivative terms in the effective actions of type IIA/B string theory.
2.1 d=11 Supergravity
Eleven dimensional supergravity is a d = 11 massless field theory containing gravity with an eleven
dimensional supersymmetry algebra. The bosonic fields of a relativistic massless field theory in
d = 11 must transform in representations of the SO(9) little group of the full d = 11 Poincare group.
The field content consists of the graviton, the gravitino and a rank three antisymmetric gauge field.
The graviton, which transforms as a symmetric, traceless, two index tensor representation of SO(9)
and group theoretically lies in the 44 of SO(9), carries 44 bosonic degrees of freedom. The fermionic
counterpart of the graviton is the spin 32 gravitino ψµ, which carries both SO(9) vector and spinor
indices, although the spinor indices have been suppressed, and transforms under the direct product
16× 9 of SO(9) representations. The direct product 16× 9 of SO(9) representations decomposes
as 16 × 9 = 128 + 16, when supplemented by the traceless condition γµψµ = 0 the propagating
fermionic degrees of freedom are reduced by 16 to 128. A supersymmetric field theory requires
an equal number of fermionic and bosonic degrees of freedom, so far we have 44 bosonic degrees
of freedom from the graviton and 128 fermionic degrees of freedom associated with the gravitino.
The remaining bosonic degrees of freedom are found in the rank three antisymmetric gauge field A,
which carries three antisymmetrised SO(9) vector indices, it thus transforms as the antisymmetric
product of three representations of the 9 of SO(9) and has 9!6!3! = 84 degrees of freedom.
The eleven dimensional supergravity Lagrangian was originally constructed in [8] and may be
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where eleven dimensional coordinate indices are denoted by Greek letters and the correspond-
ing tangent space indices are Greek letters with an overline, e is the determinant of the eleven
dimensional vielbein e νµ and
Fµ1µ2µ3µ4 = 4∂[µ1Aµ2µ3µ4],
Fˆµ1µ2µ3µ4 = Fµ1µ2µ3µ4 + 3κ11ψ[µ1γµ2µ3ψµ4 ,
Ωˆµνσ = ωµνσ − 1
2
(ψ¯νΓσψν − ψ¯νΓνψσ + ψ¯σΓµψν),




















The action, constructed from the above Lagrangian, possesses general coordinate invariance, lo-
cal Lorentz invariance and is invariant under the gauge transformation Aµ1µ2µ3 → Aµ1µ2µ3 +
3∂[µ1Λµ2µ3] where Λµ1µ2 are the components of a two-form. Being a supersymmetric theory, it is
also invariant under the following supersymmetry transformations




















2.2 Type IIA Supergravity
Type IIA supergravity is a ten dimensional maximally supersymmetric field theory containing
gravity. The type IIA supergravity theory was originally constructed by dimensional reduction of
the unique eleven dimensional supergravity theory, we will postpone this method of constructing
the theory until chapter four and instead give the derivation of the type IIA field content from a
group theoretical perspective. The massless fields in a d = 10 relativistic field theory are required to
transform in representations of SO(8). The triality symmetry of SO(8) gives three highest weight
representations of dimension eight, one of them is the vector representation of SO(8), denoted 8v
while the remaining two are spinor representations, denoted 8s and 8c. Type IIA supergravity
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is obtained by taking the direct product of two supermultiplets (8v + 8s) and (8v + 8c) which
are formed from spinor representations 8s and 8c of opposite chirality. If one lets (8v + 8s) ×
(8v + 8c) = b + f , where b are the SO(8) representations of the type IIA bosonic fields and f are
the SO(8) representations of the fermionic fields, we find
b = 1 + 8v + 28 + 35v + 56v (2.4)
and
f = 8s + 8c + 56s + 56c. (2.5)
For the bosonic fields, the 1 corresponds to a scalar, which one identifies as the type IIA dilaton.
The 35v is the symmetric traceless rank 2 tensor representation, which is the d = 10 graviton.
The 8v is the vector representation, which provides eight propagating bosonic degrees of freedom
and may be realised by a one-form gauge field. The 28 and 56v are antisymmetric tensor repre-
sentations of SO(8) of rank 2 and 3, respectively. The 28 may be realised by a two-form gauge
field while the 56v may be realised by a three-form gauge field. For the fermionic fields we have
two gravitinos of opposite chirality which transform in the 56s and 56c and two opposite chirality
dilatinos that transform in the 8s and 8c. Thus we find 128 propagating degrees of freedom in
both the bosonic and fermionic sectors.
As mentioned earlier, the d = 10 type IIA supergravity action may be derived by dimensional
reduction of the d = 11 supergravity action, which we will perform in chapter three. For now,
we will state the bosonic part of the Lagrangian that gives the type IIA action, suppressing the
fermionic terms which may also be derived through dimensional reduction of the d = 11 super-
gravity action but are considerably more complicated than the bosonic terms. In Einstein frame,






























where greek indices are ten dimensional coordinate indices while greek indices with an overline are
tangent space indices, e is the determinant of the vielbein with components eµ











2.3 Type IIB Supergravity
The type IIA supergravity action possesses an GL(1,R) symmetry. In Einstein frame, one finds
that the transformations
φ→ φ+ c,








leave the type IIA supergravity action invariant.
2.3 Type IIB Supergravity
Unlike the d = 10 type IIA supergravity theory, one cannot obtain d = 10 type IIB supergravity by
dimensional reduction of eleven dimensional supergravity. However, in deriving the field content of
type IIA supergravity, in the previous section, we constructed an N = 2 supermultiplet by taking
a direct product of N = 1 supermultiplets containing spinor representations of opposite chirality,
if we choose to construct the d = 10, N = 2 supergravity theory by taking the direct product of
two N = 1 supermultiplets containing spinor representations of the same chirality we obtain type
IIB supergravity.
The direct product of 2 multiplets of the form 8v + 8c decomposes as (8v + 8c)× (8v + 8c) =
bIIB + fIIB where
bIIB = 1 + 1 + 28 + 28 + 35v + 35c (2.9)
and
fIIB = 8s + 8s + 56s + 56s. (2.10)
The bosonic type IIB supergravity fields lie in representations contained in bIIB while their
fermionic counterparts lie in representations contained in fIIB. In the bosonic sector of the type IIB
supergravity theory, one may identify the two fields lying in the trivial representations of SO(8)
as the type IIB supergravity dilaton and axion, the propagating degrees of freedom of the graviton
are again contained in the 35v, while the two 28 representations are attributable to two 2-form
gauge fields. The bosonic field corresponding to the 35c are realised by a four-form gauge field,
however, a four-form gauge field in ten dimensions has 8!4!4! = 70 independent components, therefore
to give the correct propagating degrees of freedom a self duality condition must be imposed on
the five-form field strength constructed out of the four-form gauge field. Moreover, the self duality
condition must be imposed on the five-form field strength at the level of the equations of motion,
rather than on the five-form field strength in the type IIB supergravity action.
The fermionic type IIB supergravity fields lie in spinor representations of SO(8) contained in
fIIA. For the type IIB supergravity theory there are two gravitinos with the same chirality, each
transforming in the 56s of SO(8), and two dilatinos of the same chirality transforming in the 8s of
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SO(8). So, as expected, we find 128 propagating bosonic degrees of freedom and 128 propagating
fermionic degrees of freedom.
The bosonic and fermionic sectors of type IIB supergravity both contain massless fields that
transform under representations of SO(8) that are degenerate, for the bosonic sector we have two
copies of the trivial representation and the 28 of SO(8), while in the fermionic sector we find two
copies of the 56s and 8s spinor representations of SO(8). This hints at another symmetry of the
IIB theory and indeed the type IIB supergravity possesses an SL(2,R) non-compact symmetry,
that we will describe in greater depth in chapter four.
The self-duality condition on the five-form field strength constructed out of the four-form gauge
field presents an obstruction to formulating the type IIB supergravity action. If one takes the stan-
dard two derivative term for the five-form field strength Fµ1µ2µ3µ4µ5 = 5∂[µ1Aµ2µ3µ4µ5] in the type




and attempts to implement the self-duality condition Fµ1µ2µ3µ4µ5 = ∗Fµ1µ2µ3µ4µ5 by substituting
this constraint into the action, one finds that the standard two derivative term for the five-form
field strength vanishes. It is possible to write a covariant action for the type IIB theory that
contains the correct degrees of freedom by following the PST approach [49] but we will not make
use of this formulation. Instead, we will use an action for the type IIB supergravity theory in ten
dimensions that gives the correct equations of motion after imposing the self-duality condition as



































A(4) ∧H3 ∧ F3,
(2.12)
where χ is the type IIB supergravity axion, Hµ1µ2µ3 and Fµ1µ2µ3 are the components of the three
form field strengths H = dB(2) and F = dC(2) constructed out of the two-form gauge fields B(2) and
C(2), while F(5)µ1µ2µ3µ4µ5 are the components of the five-form field strength F = dA(4) constructed
out of the four-form gauge fields. The field strengths F˜ and F˜(5) appearing in the action are the
components of the gauge-invariant definitions, given by
F˜ = F(3) − χH(3),
F˜(5) = F(5) − 1
2





2.4 Supergravity as a Low-energy Effective Theory
The self-duality condition on the five-form field strength F˜(5) is
F˜(5) = ∗F˜(5), (2.14)
this must be implemented on the equations of motion that follow from varying the action in (2.12).
Although, the type IIB supergravity theory possesses a non-compact SL(2,R) symmetry, the
above action does not make it manifest. In chapter three we will give a manifestly SL(2,R) invariant
action for the type IIB supergravity theory and convert this action to a formulation transforming
non-linearly with respect to SL(2,R).
2.4 Supergravity as a Low-energy Effective Theory
In this section we will show that the massless spectrum of type IIA/B string theory is identical
to that of type IIA/B supergravity and thus one may identify the type IIA/B supergravity action
with the two derivative part of the effective action of type IIA/B string theory.
Type IIA and type IIB are closed, supersymmetric, string theories that are non-chiral and
chiral, respectively. In addition, open strings may be present if they end on Dp-branes. For type
IIA string theory the set of stable Dp-branes possess p odd, while type IIB string theory contains
stable Dp-branes for p even. The stable Dp-branes in type IIA and type IIB string theory couple
electrically or magnetically to the corresponding p+ 1 form R-R gauge field.
M-theory is the strong coupling limit gs → ∞ of type IIA string theory [52, 53]. In this limit
the closed string and the stable D4-brane of the type IIA theory become an M2-brane and an
M5-brane in the eleven dimensional theory that couple electrically and magnetically to a three
form gauge field. M-theory does not admit a well-defined perturbative expansion and is not nearly
as well understood as type IIA/B string theory, however the two derivative terms in the effective
action of M-theory form the familiar eleven dimensional supergravity action in (2.1). It is hoped
that the higher derivative terms in the M-theory effective action will shed further light on the full
quantum theory. In the rest of this thesis, any reference to M-theory should be understood as the
eleven dimensional supergravity theory found in the low-energy limit.
2.4.1 Type IIA/B String Theory
We will review the derivation of the massless spectrum of type IIA/B string theory via the RNS
formalism of the superstring, which, although not manifestly space-time supersymmetric, is suitable
for this purpose. For a more complete treatment of the RNS superstring the reader is referred to
references [50,51].
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Our starting point is the d = 10 world sheet action for the superstring in conformal gauge











where Xµ (σ, τ) are the world sheet target space coordinates transforming under D = 10 Lorentz
transformations and world sheet diffeomorphisms, ψµ (σ, τ) are anticommuting world sheet spinor
fields lying in the Majorana representation of the d = 2 Clifford algebra that also transform as




= 2ηαβ . (2.16)








The RNS action possesses global world sheet supersymmetry. The supersymmetry transformations






where  is an infinitesimal Grassmanian Majorana spinor.
Prior to the quantisation process, it is wise to adopt world sheet light cone coordinates, in






where γ3 = iγ0. The world sheet action in light cone coordinates is













The classical equations of motion for Xµ derived from the RNS string action written in world sheet
coordinates are
∂+∂−Xµ = 0. (2.21)
One should note that the boundary conditions for the world sheet bosonic fields in the closed string
case is the periodicity condition Xµ(σ, τ) = Xµ(σ + 2pi, τ) that gives rise to left and right moving
sectors in the general solution to the Xµ equations of motion. For the fermionic world sheet fields
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For the closed string, there are two conditions under which these boundary terms vanish
ψ± (σ) = ±ψ± (σ + 2pi) . (2.24)
The periodic choice, associated with the positive sign are known as Ramond R boundary conditions,
while the antiperiodic choice, associated with the negative sign are Neveu-Schwarz (NS) boundary
conditions. One may choose Ramond or Neveu-Schwarz boundary conditions in the left and right
moving sectors ψ− and ψ+ separately, this results in the closed string containing four distinct
sectors. The sector in which left movers and right movers satisfy Ramond boundary conditions,
denoted R-R, gives rise to spacetime bosons, as does the NS-NS sector, while the NS-R and R-NS
sectors contain spacetime fermions.
To quantise the RNS string one may introduce canonical commutation and anticommutation
relations for the bosonic and fermionic fields world sheet fields, respectively. The oscillator modes
in the general solution to the equations of motion are then upgraded to operators on Hilbert
spaces in both the NS and R sectors. The R and NS sector Hilbert spaces are constructed, in
the usual way, by acting on the ground state in each Hilbert space with the corresponding R or
NS raising operators, in addition to the bosonic raising operators. The Hilbert spaces constructed
in this way contain negative norm states that are eliminated via the super-Virasoro conditions
in the critical dimension D = 10, leaving a spectrum of physical states. However, this spectrum
contains a tachyon in the NS sector. Moreover there is no fermionic counterpart to the tachyon in
the spectrum, so space-time supersymmetry appears broken. To remove the tachyon and regain a
supersymmetric physical state spectrum one may perform a GSO projection. This involves defining
the G-parity operator that acts on states to return whether the number of world sheet fermion
excitations, in that state, is an odd number or an even number.
To implement the GSO projection one removes all states with a negative G-parity in the NS
sector. The NS sector then only consists of states constructed from an odd number of NS sector
raising operators denoted bµr , where r ∈ Z + 12 . Since the tachyon appears as the ground state of
the RNS string in the NS sector it is removed by the GSO projection, and, in addition, leaves a
supersymmetric spectrum of RNS string physical states. In the R sector, the G-parity operator
similarly returns whether the number of world sheet fermion excitations is an odd or an even
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number, and one may choose to remove either states with positive or negative G-parity from the
R sector physical state spectrum. Since the R sector ground state is a massless spinor, choosing
to remove states with a positive or negative G-parity results in projecting out those states with
positive or negative chirality from the R sector physical state spectrum.
After the GSO projection, the massless spectrum of the closed string in the RNS formulation
for both the type IIA and type IIB string theories is composed of four sectors, corresponding to the
possible choices of fermionic boundary conditions for the left and right moving sectors of the closed
string. The massless (ground) state in the R sector is an eight component spinor with positive
chirality |+〉R or negative chirality |−〉R, while the massless (ground) state in the NS sector is
an eight component vector in either the left moving b˜i− 12
|0〉NS or right moving sectors bi− 12 |0〉NS ,
where i = 1, ...8, of the RNS string. The four sectors may then be constructed by taking the tensor
product of a massless state in the left moving sector with a massless state in the right moving
sector.
The type IIA theory may be identified by taking the left moving and right moving R sector
ground states to have opposite chirality. The resulting four massless physical state sectors of the
type IIA theory are then
|−〉R ⊗ |+〉R, (2.25)
b˜i− 12 |0〉NS ⊗ |+〉R, (2.26)
|−〉R ⊗ bi− 12 |0〉NS , (2.27)




In the R-R sector we see that we have the tensor product of two Majorana-Weyl spinors of opposite
chirality, the R-R sector states are therefore Bosons. The decomposition of the tensor product gives
a one-form gauge field and a three-form gauge field. The NS-NS sector is the tensor product of
two eight component vectors, so the NS-NS sector also consists of Bosonic states. The tensor
product of the two eight component vectors decomposes as an antisymmetric two-form gauge field,
a symmetric traceless rank-two tensor and a singlet state. The graviton may be identified as the
symmetric traceless rank-two tensor while the singlet state is the type IIA dilaton. The NS-R and
R-NS sectors are the tensor products of an eight component vector and a Majorana-Weyl spinor
(where the NS-R and R-NS Majorana-Weyl spinors are of opposite chirality), and are therefore
fermions. The decomposition of the tensor product gives a gravitino and a dilatino, providing 56
states and 8 states, respectively. Thus, one finds that the R-R and NS-NS sectors contain 128
bosonic states, while the NS-R and R-NS sectors contain 128 fermionic states.
The type IIB theory may be identified by taking the left moving and right moving R sector
ground states to have the same chirality. The resulting four massless physical state sectors of the
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type IIB theory are then
|+〉R ⊗ |+〉R, (2.29)
b˜i− 12 |0〉NS ⊗ |+〉R, (2.30)
|+〉R ⊗ bi− 12 |0〉NS , (2.31)




The NS-NS sector is identical to the type IIA theory NS-NS sector, one finds an antisymmetric
two-form gauge field, a symmetric traceless rank-two tensor, the graviton, and a singlet state, the
type IIB dilaton. The R-R sector is the tensor product of two Majorana-Weyl spinors of the same
chirality, the decomposition of which gives a singlet state (the type IIB axion), a two-form gauge
field and a four-form gauge field with a self duality condition that must be imposed on its field
strength. The NS-R and R-NS sectors are the tensor products of an eight component vector and
a Majorana-Weyl spinor of the same chirality in each sector. The decomposition of the tensor
product gives a gravitino and a dilatino, providing 56 states and 8 states, respectively. So the
massless spectrum of the type IIB RNS string also contains 128 bosonic states in the NS-NS and
R-R sectors and 128 fermionic states in the R-NS and NS-R sectors.
The massless field content of the type IIA and type IIB RNS string are identical to their
supergravity counterpart’s field content. Furthermore, although it is not manifest in the RNS
formulation, the massless spectrum of the type IIA and type IIB string possesses N = 2 spacetime
supersymmetry. In the low-energy limit α′pµpµ → 0 the massive modes of the type IIA/B string
vanish, leaving the massless spectrum. By virtue of the fact that there are only two N = 2
supersymmetry theories in ten dimensions one would expect that the two derivative terms in the
effective action of the type IIA and type IIB string, containing only the massless spectrum, would
be very similar to type IIA and type IIB supergravity action in ten dimensions, indeed this is the
case.
To make contact with the NS-NS sector of the type IIA/B supergravity action one starts from
the string sigma model action with bosonic world sheet fields Xµ coupled to both the background
metric gµν and a rank 2 antisymmetric tensor Aµν that are functions of the target space coordinates
and, in addition, add a term that is linear in the two dimensional world sheet scalar curvature R(2)
and coupled to the dilaton φ. Insisting on conformal invariance in the string sigma model action
is equivalent to the vanishing of the beta functions of the background fields Bµν , gµν and φ, this
gives a set of equations that these fields must satisfy. One may interpret the equations arising
from the vanishing of the beta functions of the background fields as the equations of motion of
the background fields themselves. However, the NS-NS sector of the type IIA/B effective action
that delivers equations of motion that coincide with the equations arising from the vanishing of
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the beta functions of the background fields appears multiplied by a factor of e−2<φA\B>, where <
φA\B > is the expectation value of the type IIA/B dilaton, this is the so-called string frame action.
Rescaling the vielbein by taking esνµ = e
1
4φeµ
ν puts the type IIA/B classical supergravity action
in string frame, where it may then be compared to the type IIA/B effective action. Comparing
the coupling constants in the type IIA/B effective action and the classical supergravity action, one
finds 2κ210 = (2pi)
7
(α′)2 e2<φ>. So, at lowest order in α′, one finds that the classical type IIA and
type IIB supergravity actions give equations of motion that coincide with the equations of motion
derived from the vanishing of the beta functions of the background fields in the string sigma model
action. It therefore follows that the two derivative NS-NS sector part of the type IIA/B effective
action is given by the corresponding type IIA/B supergravity action, with the classical supergravity
coupling constant replaced by the string coupling constants α′ and gs = e<φ>. One should note
that the R-R sector fields do not appear in the sigma model string action but it is well known that
they may be similarly related to their classical supergravity counterparts, but appear multiplied by
a factor of e2φ relative to the NS-NS sector terms, signalling their appearance at one order beyond
the NS-NS fields in a perturbative expansion of gs.
As described above, the effective action of type IIA and type IIB string theory at order α′ may
be identified with the type IIA and type IIB classical supergravity action. However, the complete
effective action contains an infinite series of higher derivative corrections. The rest of this thesis
is concerned with investigating and identifying the higher derivative terms and their coefficient
functions that transform as automorphic forms that appear in the complete effective action of
type IIA string theory, type IIB string theory and M-theory. For completeness, we will end this
chapter by giving the low-energy effective actions of type IIA and type IIB string theory, with
their appropriate stringy parameters. We are primarily concerned with the bosonic fields in the
massless spectrum therefore any fermionic terms in the effective action are suppressed in the rest
of this thesis.
2.4.2 Type IIA and M-theory Low-energy Effective Actions























2 · (2pi)7 l8s
∫
B2 ∧ F4 ∧ F4,
(2.33)
where Fµ1µ2 are the components of the two-form field strength F2 = dA1, similarly Hµ1µ2µ3 and
F˜µ1µ2µ3µ4 are the components of the three and four-form field strengths defined by H3 = dB2
and F4 = dC3 + A1 ∧ H3. Note that Einstein frame, in which the curvature R does not appear
multiplied by a factor of the dilaton φ, is related to string frame by gEµν = e
−φ2 gsµν , where gEµν
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is the Einstein frame metric and gsµν is the string frame metric.
In chapter three we will derive the two derivative terms in the type IIA effective action by
















A3 ∧ F4 ∧ F4 (2.34)
where R is the eleven dimensional scalar curvature, A3 is the three form gauge field, F4 = dA3
is the four-form field strength constructed from the three form gauge field and Fµ1µ2µ3µ4 are the
components of the four-form field strength.
2.4.3 Type IIB Low-energy Effective Action


















2 · 3! F˜3µ1µ2µ3 F˜
µ1µ2µ3 − 1





2 · (2pi)7 l8s
∫
C4 ∧H3 ∧ F3
(2.35)
where χ is the type IIB axion, C4 is the R-R four-form gauge field, Hµ1µ2µ3 , Fµ1µ2µ3 and F˜5µ1µ2µ3µ4µ5
are the components of the three form field strength constructed from the NS-NS two-form gauge
field H = dB2, R-R two-form gauge field F3 = dA2 and the self dual five-form field strength
F˜5 = dC4 − 12C2 ∧ H3 + 12B2 ∧ F3. The five-form field strength self duality condition that must
be imposed on the equations of motion that result from varying the type IIB action is F˜5 = ∗F˜5.
Although not manifest in this formulation, type IIB supergravity possesses an SL(2,R) symmetry
that is broken to an SL(2,Z) subgroup for the full type IIB string theory, this is explained further
in chapter three.
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3 Compactification and Dualities
The En+1(Z) duality symmetries we will use to investigate the higher order terms in the effective
action of type IIA/B string theory and M-theory appear after compactifying type IIA/B string
theory on an n torus and M-theory on an n+ 1 torus. Although, it has been speculated that these
symmetries may be present in the uncompactified theory [65]. This chapter describes the compact-
ification process and reviews the duality symmetries of type IIA/B string theory compactified on
an n torus and M-theory compactified on an n + 1 torus. The reader is referred to reference [54]
for an introduction to the Kaluza-Klein reduction of supergravity theories.
3.1 Compactification on S1
Consider a D dimensional relativistic scalar field theory in Minkowski space, with a scalar field
φ(xµ) that is a function of the background coordinates xM , M = 1, ...D, and an action, schemati-
cally given by ∫
ddx∂Mφ∂
Mφ∗, (3.1)
where φ∗ is the complex conjugate of φ. If we compactify one of the coordinates on a circle S1 of
radius r and let the coordinate of the circle be denoted by z while the remaining D−1 coordinates
are denoted by µ, µ = 1, ..., D − 1, one now requires that φ(xµ, z) be periodic in z. As such, we








Note that φ∗n = φ−n. The derivative ∂M decomposes into a derivative over the non-compact
directions µ and the compact direction z, it then takes the form ∂M = ∂µ + ∂z. Substituting the





















φn = 0, (3.4)
which is the wave equation for a free scalar field of mass m2 = n
2
r2 . For small r, all Fourier modes
with n 6= 0 have such a high mass that they can effectively be ignored when the energy scale is of
the order E << 1r . This will usually be the case in this thesis where we are principally concerned
with the effective action and therefore the massless sector of type IIA/B string theory and M-
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theory. Compactified theories for which the massive Fourier modes are neglected are referred to as
dimensionally reduced rather than compactified. One should note that the fields in a dimensionally
reduced theory are independent of the compact coordinate z.
So far we have seen that dimensional reduction of a free (single) scalar field theory results in D
dimensions results in a free (single) scalar field theory in D− 1 dimensions after truncation to the
massless sector. However, the case we are really concerned with is the dimensional reduction of
the effective action of type IIA/B string theory and M-theory. The field content of these theories
consists of the metric, antisymmetric gauge fields and possibly scalars, so we would like to know
how these behave when our theory is dimensionally reduced from D to D − 1 dimensions.
Upon dimensional reduction from D to D−1 dimensions the metric gˆMN splits into a symmetric
rank 2 tensor in the non-compact directions µ, a one-form field, with one non-compact index and
one compact index, and a scalar, carrying only compact indices, in D − 1 dimensions. This split
allows one to take the following compactification ansatz for the D dimensional metric in terms of
the D − 1 dimensional fields,
dsˆ2 = e2αρds2 + e2βρ (dz +Aµdx
µ) (dz +Aνdx
ν) , (3.5)
where we have adopted notation such that D dimensional fields carry a ˆ and α, β are left as
non-zero arbitrary constants for now. From this ansatz one may identify the components of the D








The D dimensional gauge fields compactify in a similar way to the metric. A k-form gauge
field Aˆ in D dimensions splits into a k-form gauge field with components Aµ1...µk , in k non-
compact directions and a (k − 1)-form gauge field with components Aµ1...µk−1z in k−1 non-compact










µ1 ∧ ... ∧ dxµk + 1
(k − 1)!Aµ1...µk−1zdx
µ1 ∧ ... ∧ dxµk−1 ∧ dz,
(3.9)
where the expected coefficient of the (k − 1)-form field 1(k−1)! arises from the k ways of choosing
the compact coordinate. Since the D − 1 dimensional fields are taken to be independent of the
compact coordinate z, a (k + 1)-form field strength Fˆ = dAˆ constructed from a k-form gauge field
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A splits into a (k + 1)-form field strength and a k-form field strength in D − 1 dimensions,
Fˆ = dA(k) + dA(k−1) ∧ dz, (3.10)
where A(k) and A(k−1) are the D − 1 dimensional k and (k − 1)-form gauge fields in (3.9).
As we have seen, a D dimensional scalar gives rise to an infinite set of scalars upon compactifi-
cation. However, after truncation to the massless spectrum the D dimensional scalar gives a single
D − 1 dimensional scalar.
3.2 Compactification on an n Torus
One may compactify more than one dimension by repeatedly compactifying one of the non-compact
coordinates on a circle S1 using the procedure described in the previous section and, at each step,
treating the D− 1 fields arising from the compactification process as the higher dimensional fields
for the next compactification. Repeating this process n times is equivalent to compactifying a D
dimensional theory on an n torus Tn = S1×S1...×S1. However, our approach to compactifying a
D dimensional theory on an n torus is to perform the reduction in a single step. Upon compactifi-
cation, the D non-compact coordinates, which we shall denote by capital Roman indices M,N, ...,
split into D − n non-compact coordinates, with indices denoted by greek letters µ, ν, ... and n
compact coordinates with indices i, j, ... written in lower case Roman letters. Assuming the radii
of the torus are small, one may again truncate to the massless sector, ignoring the Kaluza-Klein
modes, at low energies.
To compactify D dimensional type IIA/B string theory or M-theory on an n torus we will take












where Gij are the components of the internal metric on the n-torus which satisfies det(G) = 1, A
i
µ




2 (D − 2) (d− 2) , (3.12)
β = −D − 2
n
α. (3.13)
Our definition of α and β ensures that the d = D−n dimensional theory is given in Einstein frame
and, as we will see from the dimensional reduction of the scalar curvature, sets the coefficient
of the two derivative kinetic term for the volume modulus ρ to the usual factor of 12 . From the
compactification ansatz (3.11), one may identify the higher dimensional components of the metric
29
3.2 Compactification on an n Torus














We will also require the components of the inverse D dimensional metric gˆ−1 as a function of the
D − n dimensional fields, these are given by
gˆµν = e−2αρgµν , (3.17)
gˆµj = −e−2αρgµνAjν , (3.18)
gˆij = e−2βρGij + e−2αρgµνAiµA
j
ν . (3.19)
In addition, we may expand the components of the D dimensional metric gˆMN and inverse met-
ric gˆMN in terms of a choice of vielbein eˆ NM and inverse vielbein eˆ
M
N
. For a metric on a









ηKL, where overlined indices are
local SO(1, D−1) indices. The D dimensional vielbein and inverse vielbein may then be expressed
as a function of the D − n dimensional fields. For the D dimensional vielbein one finds,
eˆ νµ = e
αρe νµ ,




eˆ νi = 0,
eˆ ji = e
βρe ji ,
(3.20)
where e νµ is the vielbein of the D− n dimensional metric, e ji is the vielbein of the metric on the
n-torus and overlined greek indices are local SO(1, D − 1 − n) indices while overlined lower case
Roman indices are local SO(n) indices. The components of the inverse D dimensional vielbein as
a function of the D − n dimensional fields are
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where eµ ν is the vielbein of the inverse D − n dimensional metric and e ji is the vielbein of the
inverse metric on the n-torus.
3.2.1 Compactification of the Curvature
The effective actions of type IIA/B string theory and M-theory contain gravity. The classical





where Rˆ is the D dimensional scalar curvature. Under dimensional reduction on an n torus, the
determinant of the D dimensional metric gives
√
−gˆ = e((D−n)α+nβ)ρ√−g = e2αρ√−g, (3.23)
where we have used the expression for β in (3.13). The calculation of the D dimensional scalar
curvature as a function of the D − n dimensional fields is more involved. To begin with, we will











The D dimensional components of the spin connection ωˆ are then found from setting the torsion
to zero in Cartan’s first structure equation. This yields
deˆν = −ωˆνµ ∧ eˆµ − ωνi ∧ ei
deˆi = −ωˆiµ ∧ eˆµ − ωij ∧ ej .
(3.25)
Taking the derivative of the background space vielbein frame element eˆν we obtain
deˆν = α∂µρe
αρdxµ ∧ dxν + eαρdeν
= α∂µρdx
µ ∧ eν − eαρωνλ ∧ eλ
= αe−αρ∂µρeµ ∧ eν − ωνλ ∧ eˆλ.
(3.26)
While the derivative of the internal space vielbein frame element eˆi is
deˆi = β (∂νρ) e







eˆν ∧ eˆk + 1
2
e(β−2α)ρF iµν eˆ
ν ∧ eˆµ (3.27)
where in the last line we have converted the coordinate indices to tangent space indices in the
derivatives and field strength and relabelled indices. Splitting the SL(n)/SO(n) Cartan form into
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µ = 0, we have
deˆi¯ = β (∂νρ) e







eˆν ∧ eˆj + 1
2
e(β−2α)ρF iµν eˆ
ν ∧ eˆµ. (3.29)
Thus to find the D dimensional spin connection in terms of the d = D − n dimensional fields we
must solve the equations











−ωˆν µ ∧ eˆµ − ωˆν j ∧ eˆj = αe−αρ (∂µρ) eµ ∧ eν − ωνλ ∧ eˆλ,
(3.30)




















and, from substituting the second equation in (3.31) into the second equation in (3.30) we find
ωˆµ ν = ω
µ
ν + α∂νρe


































The D dimensional curvature two-form components are related to the D dimensional Riemann














eˆk ∧ eˆl + 2Rˆi
jkµ











eˆk ∧ eˆl + 2Rˆi
νkµ











eˆk ∧ eˆl + 2Rˆµ
νkλ
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We may then calculate the D dimensional Riemann curvature components, which appear as the
coefficients of the wedge product of D dimensional vielbein elements on the right hand side of
(3.34), in terms of the d = D − n dimensional fields by evaluating the right hand side of Cartan’s
second structure equation (3.33) and reading off the coefficients of the wedge products of the D







− SνjlSνik + β∂νρ
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eij∇νF jλµ + (β − α)
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The components of the D dimensional Ricci tensor, denoted RˆMN , are calculated in the usual way,
RˆMN = Rˆ
L






(d− 2)αβ + nβ2) ∂muρ∂µρδij − 14e2(β−α)ρ (FiµνFjµν)






















− (nβ + (d− 2)α)∇µ∂νρ(
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The D dimensional scalar curvature Rˆ is then found as a function of the d = D − n dimensional






jµν − SjµiSµij − γ2∂µρ∂µρ
−2 (nβ + (d− 1)α)∇2ρ) , (3.37)
where the constant γ is given by
γ2 = (d− 1) (d− 2)α2 + (2dn− 4n)αβ + n (n+ 1)β2. (3.38)
The constants α and β given in equations (3.12) and (3.13) then imply γ2 = 12 , to return the usual
numerical factor for the two derivative term of the scalar field ρ in Einstein frame.
We are now in a position to evaluate the Einstein-Hilbert term after dimensional reduction on












jµν − SjmiSµij − γ2∂µρ∂µρ
−2 (nβ + (d− 1)α)∇2ρ) , (3.39)
where the factor (2pi)n arises from performing the integrals over the n compact coordinates which
are trivial since the d = D−n dimensional fields are taken to be independent of the compact coor-
dinates. We see that the factor e2αρ arising from the dimensional reduction of the D dimensional
invariant volume element
√−gˆ, cancels with the factor of e−2αρ given by dimensional reduction of
the D dimensional scalar curvature Rˆ, leaving the d = D − n Einstein-Hilbert action in Einstein
frame. Note that 2 (nβ + (d− 1)α)∇2ρ is a total derivative so may be neglected.
Prior to dimensional reduction, the Einstein-Hilbert action in D dimensions is invariant under
D dimensional local coordinate transformations. After taking the n torus compactification ansatz
(3.11) one finds a d = D − n dimensional theory of gravity. The dimensionally reduced theory
is invariant under d dimensional local coordinate transformations, as expected for a d = D − n
dimensional theory of gravity. However, from the action (3.39) one also finds the gauge symmetry
Aiν → Aiν +∂νΛi, where Λi are arbitrary scalar fields, in addition to the SL(n,R) symmetry corre-
sponding to the length preserving diffeomorphisms of the torus G and the GL(1,R) shift symmetry
of the volume modulus ρ which may be thought of as a global SL(n,R) × GL(1,R) ∼= GL(n,R)
symmetry. For the ten dimensional maximal supergravity theories dimensionally reduced on an n
torus, or equivalently the eleven dimensional maximal supergravity theory on an n + 1 torus, the
GL(n,R) global symmetry is enlarged to an En+1(R) symmetry which is discussed in section 3.4.3.
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3.2.2 Compactification of the Gauge Fields
The terms in the effective action of type IIA/B string theory and M-theory involving the gauge
fields and their field strengths are either topological, such as the two derivative Chern-Simons term,
and therefore do not depend on the background metric g, or appear contracted by the background
metric g. Our methods for dimensionally reducing terms in the effective action involving the gauge
field or field strengths will differ depending on whether the term is purely topological or involves
the metric g. However, for both the topological terms and those involving the metric we must first
examine the D dimensional k-form field compactified on an n torus.
When dimensionally reduced on an n-torus a D dimensional k-form gauge field Aˆ splits into a






µ1 ∧ ... ∧ dxµk−l ∧ dxi1 ∧ ... ∧ dxil , (3.40)
where the coefficient 1l!(k−l)! arises from the number of ways of choosing l compact indices from
the coordinates of the k form field and the sum terminates at l = k if k < n. By taking the D
dimensional exterior derivative of Aˆ one finds that the D dimensional k + 1 form field strength
Fˆ = dAˆ constructed from the D dimensional k form gauge field Aˆ in (3.40), similarly splits into a
sum of D − n dimensional field strengths of degree k to k − n,












are the (k − l)-form gauge fields arising from the dimensional reduction of Aˆ in (3.40)
and the exterior derivative on the right hand side of equation (3.41) is a d = D − n dimensional
exterior derivative since the d dimensional fields are independent of the compact coordinates.
To dimensionally reduce the topological terms in the effective action of type IIA/B string theory
and M-theory one may simply carry out the above dimensional reduction process for the gauge
fields and their field strengths and then substitute the field strengths and gauge fields appearing
in the D dimensional action for those expanded in terms of the lower dimensional fields. We will
provide a demonstration of this technique at the end of this chapter when dimensionally reducing
the eleven dimensional supergravity Chern-Simons term on S1.
To perform the dimensional reduction of terms that involve field strengths contracted with the
metric gˆ in the effective action of type IIA/B string theory and M-theory we will first rewrite the
action in differential form notation. A standard two derivative term consisting of field strengths
contracted with the D dimensional metric g, in the effective action of type IIA/B string theory
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where Fˆ are the components of a D dimensional k-form field strength and M1, ...,Mk are D
dimensional coordinate indices. Now, in general, the exterior product of a k-form B(k) and the
dual of a k-form ∗C(k) on a D dimensional manifold M with metric g, is given by






√−gdx1 ∧ dx2 ∧ ... ∧ dxD. (3.43)
So, the standard two derivative terms in the type IIA/B string theory and M-theory action con-
sisting of D dimensional field strengths Fˆ contracted with the D dimensional metric gˆ, can be
expressed as
∫









−gˆdx1 ∧ dx2 ∧ ... ∧ dxD, (3.44)
where the integrand is now a D form and the integral is over the D dimensional manifold M . How-
ever, to further simplify the dimensional reduction calculation, one may convert the components
of the field strengths Fˆ in (3.44) to tangent frame by expanding the D dimensional inverse metric
as gˆMN = eMIe
N
Jδ






















−gˆdx1 ∧ dx2 ∧ ... ∧ dxD,
(3.45)
where an overline denotes a tangent space index and η is the Minkowski metric. Upon dimensional
reduction on an n torus the components of the D dimensional field strength Fˆ will be express-
ible in terms of d = D − n dimensional fields. To find the D dimensional field strength tangent
space components FˆI1...Ik in terms of the d = D − n dimensional fields we first take the D dimen-
sional exterior derivative of the dimensionally reduced (k − 1)-form gauge field Aˆ from which Fˆ is









∧ dxi1 ∧ ... ∧ dxil . (3.46)
Converting to tangent frame through the use of the relations
dxµ = e−αρe µν eˆ
ν , (3.47)
dxi = e−βρe i
j
eˆj − e−αρAiµe µν eˆν , (3.48)
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× eˆµ1 ∧ ...eˆµk−r ∧ eˆi1 ∧ ... ∧ eˆir ,
(3.49)
where our convention is to shuﬄe all internal tangent space basis elements eˆi to the right of all
spacetime tangent space basis elements eˆµ and shuﬄe all contractions between the graviphoton
internal indices and the field strength indices to the right of all internal component indices con-
tracted with internal basis elements by making use of the antisymmetry of the field strength indices.










r! (k − r)! Fˆµ1...µk−ri1...ir ∧ eˆ
µ1 ∧ ...eˆµk−r ∧ eˆi1 ∧ ... ∧ eˆir .
(3.50)






(−1)l(r+1) r! (k − r)!







Under dimensional reduction we then find
∫












× e2αρ√−gdx1 ∧ dx2 ∧ ... ∧ ∧dxD,
(3.52)
where the components of the field strength Fˆ in tangent frame are given as a function of the
d = D − n fields by (3.51) and the factor of e2αρ√−g arises from evaluating √−gˆ.
Alternatively, for larger degree field strengths it is desirable to rewrite equations (3.49), (3.50)
and (3.51) in differential form notation where it is easier to keep track of the numerical factors


















∧ eˆi1 ∧ ... ∧ eˆir (3.53)
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where we have taken the usual definition of a k-form F (k) = 1k!Fµ1...µkdx
µ1 ∧ ... ∧ dxµk . The









∧ eˆi1 ∧ ... ∧ eˆir . (3.54)



















The standard bilinear term in the field strengths found in the effective action of type IIA/B string
theory and M-theory dimensionally reduced on an n torus may then be written
∫









∧ ∗Fˆ (k−r)i1...ir , (3.56)
where the inner product given by the ∧∗ operation on the right hand side of the above equation is
with respect to the d = D − n dimensional components of the field strengths.
3.3 Eleven Dimensional Supergravity Dimensionally Reduced on S1
In this section we will give an example of the compactification process by dimensionally reducing
eleven dimensional supergravity on a circle S1. Dimensional reduction of the unique eleven dimen-
sional supergravity theory on S1 gives type IIA supergravity. As discussed in chapter two, the
classical type IIA supergravity action is the two derivative sector of the effective action of type
IIA string theory. In this thesis we are concerned with the higher derivative terms in the effective
action of both type IIA string theory and M-theory, therefore it will be instructive to see how the
two derivative terms in the effective action of type IIA string theory and M-theory are connected
via dimensional reduction.
The bosonic sector of the classical eleven dimensional supergravity action, which acts as the


















ˆC(3) ∧ Fˆ (4) ∧ Fˆ (4).
(3.57)
where Cˆ(3) is the eleven dimensional supergravity three form gauge field and Fˆ (4)M1M2M3M4 are
the components of the D = 11 four-form field strength F = dC3. To keep track of the numerical
factors involved in the reduction process, it is advisable to rewrite the eleven dimensional super-
gravity action in terms of eleven forms integrated over an eleven dimensional manifold. The eleven
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Rˆ ∧ ∗1− 1
2





Cˆ(3) ∧ Fˆ (4) ∧ Fˆ (4), (3.58)
where, in general, the exterior product of a k-form B(k) and the dual of a k-form ∗C(k) on a D
dimensional manifold with metric g, is given by






√−gdx1 ∧ dx2 ∧ ... ∧ dxD. (3.59)
The compactification ansatz is our usual n-torus ansatz (3.11) with n = 1 and the single compact
coordinate denoted by z,
dsˆ211 = e
2αρgµνdx
µdxν + e2βρ (dz +Aµdx
µ) (dz +Aνdx
ν) . (3.60)
We will return to the evaluation of the constants α and β later in the derivation. Dimensional
reduction of the D = 11 Einstein-Hilbert term gives
∫
Rˆ ∧ ∗1 =
∫ (
R ∧ ∗1− 1
2





where F (2) = dA(1) is the two-form field strength constructed from the graviphoton A(1) appearing
in the compactification ansatz and we have rewritten the inner products between k-forms in the
resulting contribution to the d = 10 Lagrangian as exterior products of the k-forms and their duals.
Note that the Hodge dual on the left hand side of the above equation is with respect to the eleven
dimensional background manifold while the Hodge dual on the right hand side is with respect to
the ten dimensional background manifold.
The dimensional reduction of the three form gauge field Cˆ(3) and its four-form field strength
Fˆ (4) = dCˆ(3) proceeds as described in section 3.2.2. The eleven dimensional three form field
strength Cˆ(3) becomes
Cˆ(3) = C(3) + C(2) ∧ dz, (3.62)
therefore upon dimensional reduction on S1 the four-form field strength Fˆ (4) = dCˆ(3) is
Fˆ (4) = dC(3) + dC(2) ∧ dz. (3.63)
We then find that dimensional reduction of the eleven dimensional Chern-Simons term gives
1
12
Cˆ(3) ∧ Fˆ (4) ∧ Fˆ (4) = 1
4
F (4) ∧ F (4) ∧ C(2), (3.64)
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after integrating by parts and throwing away the boundary terms, so that the d = 10 three form
gauge field C(3) always appears in the type IIA d = 10 Lagrangian in the form F (4) = dC(3).
To evaluate the dimensional reduction on S1 of the bilinear terms in the four-form field strength
contained in the M-theory effective action we will make use of the formulas in section 3.2.2. Since
we are reducing a four-form field strength on S1 we take k = 4 and n = 1, equation (3.55) then
gives
Fˆ (4) = e−4αρ
(






= e−(3α+β)ρF (3). (3.66)
Substituting these into equation (3.56) one finds
Fˆ ∧ ∗Fˆ = e−6αρ
(




F (4) − F (3) ∧A(1)
)
+ e−(4α+2β)ρF (3) ∧ ∗F (3)
= e−6αρF˜ (4) ∧ ∗F˜ (4) + e−(4α+2β)ρF (3) ∧ ∗F (3),
(3.67)
where, in the last line, we have defined F˜ (4) = F (4)−F (3)∧A(1). The two-form field strength in the
dimensionally reduced action F (2) = dA(1) is invariant under the gauge transformation δA(1) =
dΛ(0), similarly the three form field strength F (3) is invariant under the gauge transformation
δC(2) = dA(1), while the four-form field strength F˜ (4) is invariant under the gauge transformation
δC(3) = dΛ(2). However, since the four-form field strength F˜ (4) contains the one-form field A(1)
without an exterior derivative acting on it, under the gauge transformation of the graviphoton
δA(1) = dΛ(0), the three form field must also transform as δA(3) = dΛ∧A(2) to preserve the gauge
invariance of F˜ (4).
The last step in our derivation is to evaluate the constants α and β, from equations (3.12) and
(3.13) with d = 10 and n = 1 we find







where we have taken the negative sign when evaluating α2 in equation (3.12) to give the correct
IIA dilaton factor, which we may now identify as α, multiplying the R-R and NS-NS fields, when
transformed to string frame.
Collecting the dimensionally reduced terms we find that the two derivative sector of the type
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R ∧ ∗1− 1
2
F˜(4) ∧ ∗F˜ (4) − 1
2












F (4) ∧ F (4) ∧ C(2)
(3.70)
where we have redefined the type IIA dilaton, φ = ρ, in line with usual notation, and integrated
over the compact coordinate z of the circle S1 with radius r11, the type IIA supergravity coupling




As discussed earlier, after dimensional reduction on an n torus the Einstein-Hilbert action possesses
a global GL(n,R) symmetry. For type IIA/B supergravity on an n torus or, equivalently, eleven
dimensional supergravity on an n + 1 torus, this symmetry is enhanced to an En+1(R) global
symmetry [8–11]. However, in the full quantum string theory and M-theory the global En+1(R)
symmetry is broken, due to the quantisation conditions on the brane charges, to an En+1(Z)
subgroup. This En+1(Z) subgroup is the U-duality group of type IIA/B string theory and M-
theory compactified on a torus to d = 10−n dimensions [14]. From a type IIB string theory point
of view, U-duality may be thought of as being generated by T-duality [55], which relates type IIA
string theory and type IIB string theory wrapped on a circle, and S-duality, which relates type IIB
string theory in different coupling regimes. We will begin by reviewing T-duality and S-duality
before discussing the U-duality group and in particular how the effective actions of dimensionally
reduced type IIA/B string theory and M-theory are formulated as non-linear realisations of the
U-duality group.
3.4.1 T-duality
Type IIA and type IIB string theory compactified on a circle S1 of radius r are related by T-duality.
Under compactification on a circle of S1 the momentum p of the closed type IIA/B string along
the compact dimension, is quantised in units of Kr where K ∈ Z is the Kaluza-Klein excitation
number. The winding number W ∈ Z is the number of times the string wraps around the circle.







+ 4 (NL +NR − 2) , (3.71)
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where NL and NR are the number operators of the left and right moving modes, respectively. The
string is also required to satisfy the level matching condition
NR −NL = WK. (3.72)
Interchanging the winding numberW and the Kaluza-Klein excitation numberK, denotedK ↔W ,
while making the transformation r → r˜ = α′r leaves the mass spectrum and level matching condition
unchanged. Moreover, the type IIA string compactified on a cirle of radius r is related to the type
IIB string compactified on a circle of radius r˜ by the T-duality relation rr˜ = α′. By comparing
the coupling of the constants of the dimensionally reduced type IIA and type IIB NS-NS sector






where gs(A) and gs(B) are the type IIA and type IIB string coupling constants respectively.
Considering a more general compactification of type IIA or type IIB string theory on a torus
of dimension n, one finds that the generalisation of T-duality for a single compact dimension is an
SO(n, n;Z) symmetry. T-duality is a full symmetry of the interacting theory and acts on the NS-
NS sectors and R-R sectors of type IIA/B string theory separately. The NS-NS and R-R sectors
of the massless fields in the type IIA and type IIB theories will therefore transform separately
under representations of the T-duality group SO(n, n;Z). For the NS-NS sector, the components
of the fields Gij , Bij in the compact directions i, j = 1, ..., n parameterise an O(n, n;R)/ (O(n;R)×





where the components of G are expressed in n×n blocks. The generalised T-duality transformation
equivalent to the inversion symmetry r → r˜ = α′r for the case of a single compact dimension that
leaves the mass spectrum and level matching conditions of the left moving and right moving modes
of the string is then
W i ↔ Ki, G ↔ G−1, (3.75)
where W i ∈ Z and Ki ∈ Z are the components of n vectors containing the winding numbers and
the total momentum in the compact directions i = 1, ..., n, respectively. In addition one has the
shift symmetries






Ki → Ki +NijW j , (3.78)
where Nij ∈ Z are the components of an antisymmetric matrix. These transformations may be
realised through the group O(n, n;Z) as










where g0 ∈ O(n, n;Z). Since the full O(n, n;Z) group contains inversion elements that reverse the
chirality of the spinors, the T-duality group for type IIA/B string theory is the chirality preserving
subgroup SO(n, n;Z).
The R-R sector fields are similarly known to transform under the type IIA/B T-duality group
SO(n, n;Z). However, T-duality invariant formulations of the R-R sector fields have proven more
difficult to construct. References [56–58] contain several approaches to treating the T-duality
symmetry of the R-R sector fields.
3.4.2 S-duality
Type IIB supergravity in ten dimensions possesses a global SL(2,R) symmetry [4]. However, in
the full quantum theory the SL(2,R) symmetry is broken to an SL(2,Z) subgroup, which is the
S-duality group of type IIB string theory in ten dimensions [14, 59–64]. S-duality is a strong-
weak coupling duality that relates type IIB string theory to itself in different regimes of the string
coupling gs.
Before reviewing the SL(2,Z) S-duality symmetry of the full theory we will rewrite the type
IIB supergravity action with a global SL(2,R) symmetry in non-linearly realised form as a means
to illustrate the methods involved in constructing non-linear realisations that are used throughout
the rest of this thesis and described in detail in appendix B.3.
The following type IIB action is written in standard SL(2,R) covariant form and produces the
correct equations of motion when supplemented by a self-duality condition for the five-form field

































where a and b are SL(2,R) doublet indices, τ = χ+ ie−φ is the axion-dilaton field and
M = eφ
 |τ |2 −χ
−χ 1
 . (3.82)





and B, C are two-forms in the NS-NS and R-R sectors respectively. In terms of the SL(2,R)
doublet indices, we have H1 = dB and H2 = dC. The five-form field strength F is written in the
form
F˜ = F +
1
2
ijB˜i ∧Hj , (3.84)
with components F˜µ1µ2µ3µ4µ5 . Note that F = dC4, where C4 is the R-R sector four-form. The
self-duality condition, mentioned earlier, on the five-form field strength is F˜5 = ∗F˜5. The type
IIB supergravity action in this form is invariant under the global SL(2,R) symmetry group with
transformations




M → (Λ−1)T MΛ−1,
(3.85)
where a, b, c, d ∈ R and satisfy ad− bc = 1. The Einstein frame metric gˆ and R-R sector four-form
C4 are SL(2,R) invariant.
To rewrite the action in non-linearly realised form we first take a coset element g ∈ SL(2,R)/SO(2,R)







































= −tr (SµSµ) ,
(3.88)
where Sµ are the components of the symmetric part of the SL(2,R)/SO(2,R) Cartan form V =
g−1dg constructed from g ∈ SL(2,R)/SO(2,R). Therefore, the scalar part of the type IIB action
in ten dimensions may be written in terms of the symmetric part Sµ of the SL(2,R)/SO(2,R)













The three form field strengths constructed from the NS-NS and R-R two-form gauge fields
transform as a doublet under an SL(2,R) transformation and appear in the type IIB effective action
through a term of the form HaµνρMabH
bµνρ, where a and b are two dimensional SL(2,R) indices.
Expanding the symmetric matrix M , that transforms in the adjoint representation of SL(2,R), as
M = ggT = ga
cgb
dδcd, where overlined indices are SO(2,R) indices, one may convert the linear
representations of SL(2,R) carried by the three form field strengths to non-linear representations,
transforming under SO(2,R) by defining Hcµνρ = gacHaµνρ. The three form field strengths then
appear in the d = 10 type IIB low-energy effective action as HcµνρHdµνρδcd.
The scalar curvature R, five-form field strength F˜ and the Chern-Simons term are invariant
under SL(2,R). Therefore we may write the ten dimensional type IIB effective action at second




























The SL(2,R) indices carried by the Chern-Simons term have been converted to SO(2,R) indices
through the identity δa
b = ga
cgbc, where ga
c and gbc are the components of the SL(2,R)/SO(2,R)
group element g and its inverse g−1, respectively. Under an SL(2,R) transformation, all terms in
the above action transform non-linearly under the SO(2,R) maximal compact subgroup.
As mentioned earlier, in the full quantum type IIB theory the SL(2,R) symmetry of type IIB
supergravity is broken to an SL(2,Z) S-duality subgroup. S-duality is a non-perturbative symmetry
in the type IIB string coupling constant gs(B). In particular, an allowed transformation under the
SL(2,Z) S-duality group sends the string coupling constant gs(B) to its inverse g−1s(B) and therefore
relates the type IIB theory in the weak coupling regime to that in the strong coupling regime. In
addition, the S-duality group SL(2,Z) acts on the F -string that couples to the NS-NS two-form B
and a D-string that couples to the R-R two-form C. An F -string in the type IIB theory carries a
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single unit of charge under the NS-NS two-form while the D string carries a single unit of charge
under the R-R two-form. Since, the two-form gauge fields transform under the 2 of SL(2,R), a
string charged under the NS-NS two-form or the R-R two-form may transform into a (p, q) string
which carries p units of NS-NS two-form charge and q units of R-R two-form charge. The restriction
of the full SL(2,R) type IIB supergravity symmetry to an SL(2,Z) subgroup guarantees that an
arbitrary type IIB string carries integer units of NS-NS and R-R two-form charge.
3.4.3 U-duality
Dimensional reduction of eleven dimensional supergravity on a circle S1 gives type IIA supergrav-
ity with a manifest GL(1,R) symmetry given by shifts of the type IIA dilaton with corresponding
scalings of the type IIA gauge fields. Further reduction of eleven dimensional supergravity on an
n + 1 torus or type IIA on an n torus leads to a d = 10 − n dimensional maximal supergravity
theory that possesses a hidden En+1,n+1(R) symmetry [8–11]. Type IIB supergravity possesses an
SL(2,R) symmetry in ten dimensions and, like type IIA supergravity, after dimensional reduction
on an n torus produces a d = 10−n dimensional maximal supergravity with a hidden En+1,n+1(R)
symmetry. Note that En+1,n+1(R) is the maximally non-compact form of the exceptional Lie group
En+1 of rank n+1, with n+1 more non-compact generators than compact generators, however for
the rest of this thesis we will simply denote this as En+1, where it is understood that we are work-
ing with the maximally non-compact form of the exceptional Lie group. The En+1(Z) U-duality
groups in each dimension d are listed in table 1.
For the full type IIA and type IIB string theories and M-theory, these hidden En+1(R) sym-
metries of the massless modes found upon dimensional reduction to d = 10 − n dimensions are
conjectured to be broken to a En+1(Z) U-duality group [14]. From an M-theory perspective
the En+1(Z) U-duality group can be understood to result from a non-trivial combination of the
SL(n + 1,Z) subgroup that corresponds to length preserving rotations of the lattice defined by
the basis elements of the torus Tn+1 and the O(n, n;Z) T-duality group of the type IIA theory
contained in M-theory once compactified on a circle S1. From a type IIB view point, the En+1(Z)
U-duality group combines the type IIB S-duality group SL(2,Z) and the O(n, n;Z) T-duality group
of the type IIB theory compactified on an n torus Tn.
U-duality is a non-perturbative symmetry. Furthermore, the O(n, n;Z) T-duality subgroup
contained in the En+1(Z) U-duality group allows one to relate the type IIB theory to the type IIA
theory, and by extension, M-theory. In this sense, type IIA string theory, type IIB string theory
and M-theory may be thought of as equivalent once compactified on a torus to d < 10 dimensions.
After dimensional reduction on an n torus Tn, the scalar fields in type IIA/B string theory
and M-theory parameterise an En+1(R)/H coset, where H is the maximal compact subgroup of
the En+1(R) U-duality group. The d = 10 − n dimensional spacetime metric g transforms as an
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d En+1(R) H En+1(Z)
IIA GL(1,R) 1 1
IIB SL(2,R) SO(2,R) SL(2,Z)
9 SL(2,R)× R SO(2,R) SL(2,Z)
8 SL(2,R)× SL(3,R) SO(2,R)× SO(3,R) SL(2,Z)× SL(3,Z)
7 SL(5,R) SO(5,R) SL(5,Z)
6 SO(5, 5;R) SO(5,R)× SO(5,R) SO(5, 5;Z)
5 E6(R) USp(8,R) E6(Z)
4 E7(R) SU(8,R)/Z2 E7(Z)
3 E8(R) SO(16,R) E8(Z)
Table 1: The En+1(Z) U-duality groups and their maximal compact subgroups H
En+1(Z) singlet, therefore the d dimensional scalar curvature R is an En+1(Z) invariant. The
derivatives of the scalars in the dimensionally reduced effective action may be written in terms
of the symmetric part of the En+1(R)/H Cartan forms S, as explained in appendix B.3.1. The
coupling of the gauge fields to the dimensionally reduced metric and the remaining scalar fields,
either the type IIA dilaton or the type IIB dilaton and axion, results in the gauge fields trans-
forming under linear representations of the En+1(Z) U-duality group. In d = 10 − n dimensions,
the dimensionally reduced two-form field strengths lie in the representation of En+1(Z) with high-
est weight Λ1, where the En+1 Dynkin diagram with the appropriate labeling is given in figure
2. Similarly, the dimensionally reduced three form field strengths constructed from the two-form
n+ 1
n
n− 1n− 2n− 321
Figure 2: Dynkin diagram for En+1 with type IIB labeling
gauge fields and four-form field strengths constructed from the three form gauge fields transform
under linear representations of En+1 with highest weights Λn+1 and Λn−1, respectively. The linear
representations of En+1 that the d dimensional field strengths F transform under may be converted
to non-linear representations F , as described in section B.3.2, that transform under the maximal
compact subgroup H of En+1(R). The low-energy effective action of the dimensionally reduced
theory in d = 10− n dimensions may then be constructed from the d dimensional scalar curvature
R, symmetric part of the En+1(R)/H Cartan forms S and the non-linear representations of the
field strengths F .
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This chapter provides a brief overview of how the E11 Kac-Moody algebra describes the maximal
supergravity theories. The techniques used to study the role of Kac-Moody algebras in supergravity
and E11 in particular will be used extensively in chapters seven and nine.
Type IIA/B and eleven dimensional supergravity possess large and unexpected En+1 hidden
symmetries upon dimensional reduction on an n or n+ 1 torus, respectively. However, it has been
conjectured that these symmetries are present prior to reduction and in fact are merely subgroups
of a larger symmetry possessed by eleven dimensional supergravity that is described by a Kac-
Moody algebra known as E11 [65]. In [66] it was found that eleven dimensional and type IIA
supergravity could be formulated as a non-linear realisation of the Kac-Moody algebra E11 at
low levels. The type IIB supergravity theory was similarly written as a non-linear realisation of
E11 in reference [67]. Type IIA and type IIB supergravity may be viewed as the two different
decompositions of the E11 algebra that give rise to an A9 subalgebra that contains gravity and is
therefore, in the context of the E11 Dynkin diagram, known as the gravity line. Furthermore, the
maximal supergravity theories in 3 ≤ d ≤ 9 dimensions, that may be identified after dimensional
reduction of type IIA/B supergravity on an n torus and eleven dimensional supergravity on an
n+ 1 torus, are explained through suitably decomposing the E11 algebra into a gravity line, Ad−1
subalgebra, and an internal En+1 subalgebra [65,67–71].
For our purposes the E11 formulation of type IIA/B and eleven dimensional supergravity is used
as a tool to simplify and provide insights into the group theory associated with the symmetries
of these theories. The results contained in this thesis do not require the conjecture that E11 is a
symmetry of type IIA/B and eleven dimensional supergravity to hold.
4.1 E11 and Kac-Moody Algebras
Kac-Moody algebras, like the classical and exceptional Lie algebras described in appendix B.2.4,
are completely determined by the Cartan matrix defined in terms of a set of n simple roots,
where n is equal to the rank of the Lie algebra. One may classify Lie algebras defined by their
Cartan matrices into three different types: finite dimensional semi-simple Lie algebras have Cartan
matrices that are positive definite, the Cartan matrices of infinite dimensional affine Kac-Moody
algebras are positive semi-definite, while general Kac-Moody algebras, which includes E11, have
Cartan matrices that are indefinite. We will focus on the last case where we are dealing with a
general Kac-Moody algebra, in particular E11, although many of the techniques we will discuss
naturally extend to the affine and finite dimensional cases.
As discussed in appendix B.2.4, once an n×n Cartan matrix Aij is specified one may uniquely
reconstruct the corresponding rank n Lie algebra by taking a Chevalley basis for the generators Ha,
Ea and Fa, where Ha are the generators in the Cartan subalgebra, Ea are the positive simple root
48
4.1 E11 and Kac-Moody Algebras
generators, Fa are the negative simple root generators and a = 1, ..., n. The Chevalley generators
satisfy the commutation relations
[Ha, Hb] = 0,
[Ha, Eb] = AabEb,
[Ha, Fb] = AabFb,
[Ea, Fb] = δabHa.
(4.1)
If, in addition, we take the Chevalley generators to satisfy the further relations,
[Ea, [Ea, ...Eb] ...] = 0, (4.2)
and
[Fa, [Fa, ...Fb] ...] = 0, (4.3)
with 1 − Aab Ea or Fa generators in the commutators in equations (4.2) and (4.3) respectively,
then the entire Lie algebra may be constructed. The same process may be used to reconstruct a
generalised Kac-Moody algebra, however, in general the algebra is infinite dimensional. As such,
the adjoint representation is generally infinite dimensional so one may not define a scalar product
on the generators using the trace of the adjoint representation as we can for a finite dimensional
Lie algebra. Instead, it may be shown that there is a symmetric, scalar product B : g× g→ R on
the Chevalley generators of a generalised Kac-Moody algebra g defined by
B(Ea, Fb) = δab,
B(Ha, Hb) = Aab,
(4.4)
where the scalar products between any other two Chevalley generators are zero. As in the finite
dimensional semi-simple Lie algebra case, the roots ~α ∈ ∆, defined by [Hi, E~α] = ~αiE~α in Cartan-
Weyl basis, can be thought of as a linear functional on the Cartan subalgebra h of a Kac-Moody
algebra g. The scalar product may then be used to identify with every root ~α a unique element of
the Cartan subalgebra h~α ∈ g, and therefore a scalar product (·, ·) : ∆ ×∆ → C on the roots by






where ~αa, a = 1, ..., n, are the simple roots of the Kac-Moody algebra.
Any Kac-Moody algebra g admits a Cartan involution τ : g → g, defined in terms of the
Chevalley generators by
τ (Ea) = −Fa, (4.6)
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τ (Fa) = −Ea, (4.7)
τ (Ha) = −Ha. (4.8)
The Cartan involution invariant subalgebra then consists of all Kac-Moody algebra elements of the
form Ea − Fa.
The E11 Dynkin diagram that summarises the corresponding Cartan matrix is given in figure
3. The eleven dimensional, type IIA and type IIB supergravity theories along with the lower
dimensional maximal supergravity theories may be formulated as non-linear realisations of the
semi-direct product of an E11 group element with another E11 group element with generators
in the so called l1 representation, which is the E11 representation with highest weight ~Λ1 using
the labeling given in figure 3. In particular, the action of the maximal supergravity theories is
constructed from the Cartan forms of this semi-direct product. The maximal supergravity theories
are specified by selecting an Ad−1 subalgebra, known as the gravity line, that describes the gravity
sector of the d dimensional theory. To select the gravity line of a d dimensional theory we must learn
how to decompose the E11 algebra by deleting a node or nodes of the E11 Dynkin diagram. After
recovering the gravity line of a d dimensional maximal supergravity, the remaining E11 subalgebra
may be interpreted as an internal algebra that generates the familiar En+1 symmetry group of
dimensionally reduced type IIA/B and eleven dimensional supergravity.
11
10987654321
Figure 3: The E11 Dynkin diagram
4.2 Eleven Dimensional Supergravity
In this section we will demonstrate the basic techniques used to describe supergravity via a non-
linear realisation of E11 by working through the eleven dimensional supergravity example.
4.2.1 Deletion of a Node
Let us first examine how one decomposes the E11 algebra relevant to eleven dimensional super-
gravity. Each simple root ~αi, i = 1, 2, ...11, is associated with a positive root generator E~αi of
the E11 algebra. To reproduce the required SL(11,R) gravity line we delete node 11, as shown in
figure 4. The techniques outlined in [72] may be used to show that the deletion of node 11 splits
the E11 simple roots ~αi, i = 1, 2, ..., 11, associated with node i in figure 4, into the simple roots ~αi,
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11
10987654321
Figure 4: The E11 Dynkin diagram after deletion of node 11
i = 1, 2, ..., 10, of A10 given by
~αi = (0, αi) , for i = 1, 2, ..., 10, (4.9)
and the simple root ~α11 which may be written
~α11 = (x,−λ8) , (4.10)
where αi and λj are the simple roots and fundamental weights of the A10 subalgebra, respectively.
The variable x is fixed through the requirement (~α11.~α11) = 2 and, since the fundamental weights
of SL(n,R) satisfy (λi.λj) = i(n−j)n for i ≤ j, we have
x2 = − 2
11
. (4.11)





















mi~αi + l~α11 = (lx,−Λ) , (4.14)
where mi and l are integers and the A10 part of ~α is given by




The integer l is referred to as the level and counts the number of times the simple root ~α11 associated
with the deleted node occurs in an arbitrary E11 root ~α. This decomposition of the E11 root space
allows us to evaluate the structure of the E11 generators E~α corresponding to an arbitrary E11
simple root at each level l in terms of representations of the generators of A10.
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4.2.2 Representations of A10
To determine the A10 representation content of the E11 generators E~α at level l one may examine
the A10 weight vector Λ. Denoting the Dynkin labels of A10 by pk, k = 1, 2, ...10, a representation
of A10 with highest weight
∑






where Λ is the A10 weight vector defined in (4.15). Note that this is a necessary condition for an
A10 representation to exist at level l but it is not sufficient, as an A10 representation at level l may
have multiplicity zero and therefore not occur, however, in practice this is uncommon. One may







8j −mj , (4.17)
where the components of the inverse A10 Cartan matrix A
−1 are the scalar products of the A10




. Since the roots ~α of any Kac-Moody algebra with a symmetric
Cartan matrix are required to satisfy
(~α, ~α) = 2, 0,−2,−4, ..., (4.18)
an additional constraint on the possible A10 representations found at level l in the E11 algebra is
given by the relation







ij pj = 2, 0,−2,−4, ..., (4.19)
where we have used equation (4.14). For a given level l we then seek solutions that satisfy equations
(4.17) and (4.19). A solution to these equations with non-zero Dynkin labels pk indicates that a
representation of A10 with highest weight
∑
k pkλk may exist at level l.
4.2.3 Low Level Generators of the E11 Algebra
One may then proceed to solve equations (4.17), (4.19) for the A10 representations appearing at
low levels. At level l = 0 we have the adjoint representation of A10, which corresponds to the
Dynkin labels q1 = 1 and q10 = 1. As a result the E11 generators at level l = 0 are simply the A10




a = 0. At level l = 1, a valid
solution is q3 = 1; this corresponds to an E11 generator R
abc, where a, b, c are antisymmetrised.
The antisymmetry of the A10 indices is a generic feature of the E11 generators decomposed with
respect to an An subalgebra and stems from the representations of An algebras with highest weights
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λn−k being realised as the antisymmetric product of k vector representations. At level l = 2 the
allowed Dynkin label is q6 = 1 which gives an E11 generator R
a1...a6 , where again the A10 indices
are antisymmetrised. At level l = 3 there are two solutions to equations (4.17) and (4.19). The
first has Dynkin labels q1 = 1 and q8 = 1 which results in an E11 generator R
a1...a8,b where the A10
indices a1, ..., a8 are antisymmetrised and the comma denotes that b is not antisymmetrised with
any other A10 index. The second has the Dynkin label q9 = 1, however the generator corresponding
to this solution has multiplicity zero and therefore does not occur in the E11 algebra.








with a corresponding Cartan subalgebra
Ha =K
a






















The commutation relations of the low level, non-negative, E11 generators in the decomposition
found by deleting node 11 may then be derived from the Serre relations and the Chevalley gener-







d − δadKcb, (4.22)
[Kab, R
c1c2c3 ] =δc1b R
ac2c3 + δc2b R
c1ac3 + δc2b R
c1c2a, (4.23)
[Kab, R
c1c2...c6 ] =δc1b R
ac2...c6 + δc2b R







ac2...c8,d + δc2b R
c1ac3...c8,d + ...+ δc2b R
c1c2...c7a,d + δdbR
c1c2...c8,a, (4.25)
[Rc1c2c3 , Rc4c5c6 ] =2Rc1c2...c6 , (4.26)
[Ra1a2...a6 , Rc1c2c3 ] =3Ra1a2...a6[c1c2c3]. (4.27)
The remaining infinite set of positive root generators are, in principal, found from taking the
multiple commutators of the positive root generators with Rabc and imposing the Chevalley-Serre
relations (4.2).
4.2.4 l1 Representation
The l1 representation of E11 is the representation of the E11 algebra with highest weight ~Λ1 and
appears in a semi-direct product with the E11 group element parameterised by the generators
decomposed with respect to the A10 subalgebra derived in the previous section [73]. In general
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this semi-direct product is specified by taking a Lie algebra g and a particular representation of
the Lie algebra such that when acting on the states |Xi〉 in the representation space one has
U(A)|Xi〉 = −D(A)ij |χj〉 (4.28)
where A ∈ g, U is a representation of g, D(A)ij are the components of the representation U in
matrix form and |χj〉 are the states of the representation in vector form. For each state in the
representation |Xi〉 one may define an element Xi in an enlarged algebra by taking
[Xi, A] = −D (A)i jXj . (4.29)
The Jacobi identities for the enlarged algebra are satisfied provided that the commutation relations
for the elements Xi are derived from the chosen representation. We will take the case where the
Lie algebra is the E11 algebra decomposed with respect to the A10 subalgebra and the enlarged
algebra contains the generators derived from the l1 representation along with the E11 generators.
To ensure that this is indeed a Lie algebra one must specify a set of commutation relations that lead
to a set of Jacobi identities for the enlarged algebra. To do so we will first examine the generators
in the enlarged algebra derived from the l1 representation.
To calculate the weights of the l1 representation and therefore deduce the E11 generators in the
l1 representation in terms of the A10 subalgebra one may use a similar technique to that outlined
in the previous section. Except that in this case before deleting node 11 we append the E11 Dynkin
diagram by a node labelled ? with one edge joining node 1 and the added node before deleting both




Figure 5: The E11 Dynkin diagram after deletion of the added node and node 11
details of the derivation of the l1 representation. The resulting generators in the l1 representation
at low levels, in terms of the A10 subalgebra, are Pa at level l = 0, Z
ab at level l = 1 and Za1....a5
at level l = 2, where Pa is identified as the translation generator, Z
ab the two brane charge and
Za1....a5 the five brane charge. The remaining infinite set of generators in the l1 representation may
be interpreted as the charges of the branes that couple to the infinite set of fields that appear as
the parameters of the E11 generators decomposed with respect to the A10 subalgebra [73, 75–77].
The parameters of the l1 generators Pa, Z
ab and Za1....a5 are taken to be xa, xab and xa1...a5 ,
respectively, where the parameters xa are the coordinates of the background spacetime and the
parameters of the generators at higher levels are coordinates associated with the brane charges.
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The commutation relations for the generators in the original E11 algebra with the generators
derived from the l1 representation of the E11 algebra at levels l = 0 and l = 1 are





























= Za1a2a3b1b2 , (4.34)
additional commutation relations for higher level generators are given in references [73,78].
4.2.5 E11 Cartan Forms
The appropriate E11 Cartan form that reproduces the eleven dimensional supergravity equations
of motion is constructed from a group element g that is the semi-direct product of the E11 group
element containing the eleven dimensional supergravity fields as the parameters of the generators
decomposed with respect to the A10 subalgebra and another E11 group element containing the
space-time coordinates as the parameters of the translation generators Pa in the l1 representation.
In general the group element g is given by a product of exponentials of the full, infinite set of
generators in both the l1 representation and the adjoint representation of E11. However, in this
thesis we will truncate the enlarged E11 algebra such that all generators in the l1 representation
at levels l > 0 are set to zero along with all generators in the adjoint representation at levels l > 2,
this subalgebra is known in the literature as G11. One may then take the E11 group element g to












The non-linear realisation is constructed by considering group elements g that belong to the semi-
direct product of the l1 representation of E11 with the adjoint representation of E11 and transform
as
g → g0gh−1, (4.36)
where g0 is a rigid E11 group element and h is a member of the local group generated by the
Cartan involution invariant subalgebra. The reader is referred to appendix B.3 for further details
on non-linear realisations. Defining the one-form V by
V = g−1dg − ω, (4.37)
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where ω = 12dx
µωµb
cJbc is the Lorentz connection that transforms as
ω → hωh−1 + hdh−1. (4.38)
It follows from equations (4.36) and (4.38) that V transforms purely under the group generated by
the Cartan involution invariant subalgebra
V → hVh−1. (4.39)
































































b − ωµab. (4.44)
One may also calculate the Cartan forms of the eleven dimensional conformal group which is
contained in E11. Preserving the Cartan forms of (4.40) that may be rewritten in terms of the
Cartan forms of the eleven dimensional conformal group, such that the resulting Cartan forms are
simultaneously covariant under the eleven dimensional conformal group and the group generated
by G11, yields a set of first order equations that are equivalent to the equations of motion of eleven
dimensional supergravity. The reader is referred to references [65,66,79] for details.
It is thus possible to describe eleven dimensional supergravity as a non-linear realisation of
an E11 Kac-Moody algebra. Moreover, the fields are in one-to-one correspondence with the E11
generators.
4.3 Type IIA Supergravity
The decomposition of the E11 algebra that explicitly describes type IIA supergravity is given by
deleting nodes 10 and 11 in the E11 Dynkin diagram, as shown in figure 6. A derivation of the
simple roots and fundamental weights relative to the A9 subalgebra found by deleting nodes 10
and 11 is given in appendix D.5. The low level generators of E11 decomposed with respect to the
A9 subalgebra relevant to type IIA supergravity are Ka
b and the set of generators Ra1a2...am for
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m = 1, ..., 9 and the A9 indices a, b, a1, ..., a9, range from 1 to 10.
11 10
987654321
Figure 6: The E11 Dynkin diagram appropriate to type IIA supergravity
The E11 Chevalley generators with respect to the type IIA supergravity decomposition are [66]
Ea = K
a





while the corresponding Cartan subalgebra is given by
Ha = K
a
































The l1 representation for the decomposition of E11 with respect to the A9 subalgebra of the type
IIA theory contains the translation generators Pa at level l = 0 along with an infinite set of gener-
ators at higher levels that correspond to the type IIA brane charges. The commutation relations







d − δadKbc, (4.49)
[Kab, Pc] = −δacPb, (4.50)
[Kab, R
c1c2...cm ] = δc1b R
ac2...cm + δc2b R
c1a...cm + ...+ δcmb R
c1c2...a, (4.51)
[R,Rc1c2...cm ] = cmR
c1c2...cm , (4.52)
[Rc1c2...cm , Rc1c2...cp ] = cm,pR
c1c2...cm+p , (4.53)
where the constants cp and cm,p are given in reference [66].
Type IIA supergravity may then be formulated by taking a non-linear realisation of the E11
algebra decomposed with respect to the A9 subalgebra found by deleting nodes 10 and 11. The
group element gIIA constructed out of the semi-direct product of the l1 representation at level zero
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The fields that appear as the parameters of the corresponding generators in the E11 group element
gIIA are the fields of type IIA supergravity, where ha
b is the graviton, A is the type IIA dilaton
and Aa1a2...am are the m form gauge fields.
4.4 Type IIB Supergravity
The other decomposition of the E11 algebra, found by deleting node 10 as shown in figure 7, leads
to an SL(10) gravity line that describes the IIB theory. One immediately sees that, in addition
to yielding an A9 subalgebra, the deletion of node 10 in figure 7 gives an A1 subalgebra that
corresponds to the expected SL(2,R) symmetry of type IIB supergravity. A derivation of the
simple roots and fundamental weights relative to the A9 subalgebra found by deleting node 10 is
given in appendix D.3. The low level generators of E11 decomposed with respect to the A9 and
A1 subalgebras relevant to type IIB supergravity are Ka







s , where s = 1, 2 is an SL(2) index and the A9 indices a, b, a1,... a8,




Figure 7: The E11 Dynkin diagram appropriate to type IIB supergravity
The E11 Chevalley generators with respect to the type IIB supergravity decomposition are [67]
Ea = K
a
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while the corresponding Cartan subalgebra is given by
Ha = K
a
















As usual the l1 representation for the decomposition of E11 with respect to the A9 subalgebra
of the type IIB theory contains the translation generators Pa at level l = 0 along with an infinite
set of generators at higher levels that are identified as the type IIB brane charges. The commu-








d − δadKbc, (4.60)





































m,p are given in reference [67].
Type IIB supergravity may then be formulated by taking a non-linear realisation of the E11
algebra decomposed with respect to the A9 subalgebra found by deleting node 10. The group
element gIIB constructed out of the semi-direct product of the l1 representation at level zero and























× e 18!Asa1a2...a8Ra1a2...a8s .
(4.66)
The fields that appear as the parameters of the corresponding generators in the E11 group element
gIIB are the fields of type IIB supergravity, where ha
b is the graviton, A1 is the type IIB dilaton,
A2 is the type IIB axion and Asa1a2...am are the m form gauge fields.
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4.5 Maximal Supergravity in d < 10 Dimensions
The story is similar for the maximal supergravity theories in d < 10 dimensions arising from dimen-
sional reduction of type IIA/B or eleven dimensional supergravity. A d dimensional supergravity
theory requires an SL(d) gravity line, therefore one deletes node d in the E11 Dynkin diagram,
as shown in figure 8 and in addition we recover the En+1 subalgebra of the d = 10 − n dimen-




Figure 8: The E11 Dynkin diagram appropriate to maximal supergravity in d < 10 dimensions
subalgebra and construct a non-linear realisation from a group element generated by the d dimen-
sional decomposition of the E11 algebra that describes the d dimensional maximal supergravity
theory. The details of constructing the d dimensional maximal supergravity theories as non-linear
realisations of E11 are found in references [65, 67–71]. In chapters seven and nine we will use the
d = 10 − n dimensional decomposition of the E11 algebra to identify the physical fields, which
we define as the set of scalars found upon dimensional reduction of the type IIA/B and eleven
dimensional supergravity theories, in terms of the En+1 fields that act as the parameters of the
Cartan subalgebra in the En+1 group element.
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5 The Type IIB String Theory effective action in d = 7 Di-
mensions
In this chapter we will examine the dimensional reduction of the effective action of type IIB string
theory on a three torus to d = 7 dimensions. Type IIB string theory compactified on a three
torus provides a relatively straightforward setting to begin our investigation into the higher order
terms in the effective action of type IIB string theory and their automorphic forms in d < 10
dimensions. In particular, the well known R4 term in the effective action of type IIB string theory
on a three torus possesses a coefficient function that is an SL(5,Z) Eisenstein series with a simple
construction. In lower dimensions the construction of the coefficient function of the R4 term is
complicated by required constraints, this is discussed in chapter eight.
The classical type IIB supergravity theory dimensionally reduced on a three torus to d = 7
dimensions possesses a hidden SL(5,R) symmetry. It is conjectured that an SL(5,Z) subgroup of
SL(5,R) is a symmetry of the full quantum type IIB string theory after compactification on a three
torus. After dimensional reduction of the two derivative terms in the effective action of type IIB
string theory to d = 7 dimensions we proceed to identify the building blocks of the effective action
in non-linearly realised form. Higher derivative terms in the effective action are then constructed
from SL(5,R)/SO(5,R) Cartan forms, non-linearly realised field strengths, and seven dimensional
Riemann curvatures and possess an SL(5,Z) automorphic form as a coefficient function.
The mixing of the ten dimensional type IIB fields in the multiplets of the the non-linearly
realised SL(5,Z) formulation of the type IIB action in seven dimensions allows us to conjecture that
given a higher derivative term consisting of a polynomial in the ten dimensional fields, containing
l derivatives, with a coefficient function that transforms as an SL(2,Z) automorphic form ΦSL(2)
in the ten dimensional type IIB effective action one should find a set of higher derivative terms in
the ten dimensional IIB effective action consisting of related but different polynomials in the ten
dimensional fields, containing l derivatives, carrying the same SL(2,Z) automorphic form ΦSL(2).
For instance, the type IIB R4 term in ten dimensions has a coefficient function which is an
SL(2,Z) Eisenstein series ΦSL(2) with s = 32 [15]. From our conjecture one should find a set of
higher derivative terms in the ten dimensional type IIB low-energy effective that are eight derivative
polynomials in the ten dimensional Riemann curvature R, SL(2,R)/SO(2,R) Cartan forms, non-
linearly realised three form field strengths and the five-form field strength that carry the same
SL(2,Z) automorphic form ΦSL(2) with s = 32 .
In addition, we find that the building blocks of the non-linearly realised type IIB effective
action in d = 7 dimensions carry a factor of e−αρ, where ρ is the volume modulus of the three
torus, for each derivative in a given term. This observation is followed up in chapter 6 and leads
to constraints on the automorphic forms of the higher derivative terms in d < 10 dimensions.
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The SL(5,Z) symmetry of the two derivative terms in the type IIB string theory effective action on
a three torus is not immediately manifest after dimensional reduction. To write the dimensionally
reduced type IIB effective action in SL(5,Z) invariant form we will make use of the theory of
non-linear realisations described in appendix B.3.
In this formulation, the derivatives of the scalars, which parameterise an SL(5,R)/SO(5,R)
coset E ∈ SL(5,R)/SO(5,R) appear in the effective action through the symmetric part (under
the Cartan involution) of the SL(5,R)/SO(5,R) Cartan forms, constructed from the coset E.
The seven dimensional curvature R transforms trivially since the seven dimensional metric is an
SL(5,Z) singlet. The two and three form field strengths F constructed from the dimensionally
reduced gauge fields which transform under linear representations of SL(5,Z) may be converted
to non-linear representations F of SL(5,Z) transforming under SO(5,R) through the use of the
coset E ∈ SL(5,R)/SO(5,R), as summarised in appendix (B.3.2). We are also left with four and
five-form field strengths after dimensional reduction but these originate from dimensional reduction
of the self dual five-form field strength in ten dimensions and are therefore related to the two and
three form field strengths in seven dimensions and do not provide independent degrees of freedom.
The familiar, lowest order, terms in the effective action may then be written purely in terms of
the seven dimensional curvature R, the symmetric part of the SL(5,R)/SO(5,R) Cartan forms S,
and the non-linear representations of the two and three form field strengths F . We will discuss the
higher order terms in the d = 7 type IIB effective action after formulating the lowest order terms
in this way.
As shown in section 3.4.2, the type IIB effective action at second order in derivatives may be
written in non-linearly realised form with respect to the SL(2,Z) symmetry of the d = 10 type IIB
theory. After expanding out the SL(2,R)/SO(2,R) Cartan forms in (3.90) the type IIB effective







dφ ∧ ∗dφ− 1
2
dχ ∧ ∗dχe2φ − 1
2
δabHˆ
(3)a ∧ ∗Hˆ(3)b − 1
4




where overlined indices a, b are local SO(2,R) indices, indicating the three form field strengths
Hˆ(3)a transform non-linearly under the SL(2,Z) symmetry. Note that the d = 10 type IIB Chern-
Simons term has been suppressed for now. Earlier we mentioned that the d = 10 type IIB effective
action must be supplemented with a self duality constraint on the five-form field strength Fˆ (5)
after calculating the equations of motion. However, it was demonstrated in [80,81] that one could
consistently implement the self duality constraint on the five-form field strength after dimensional
reduction, this gives a set of equations relating the components of the dimensionally reduced
five-form field strength. In odd dimensions it is then possible to eliminate half the degrees of
62
5.1 Dimensionally Reduced d = 7 Action
freedom associated with the five-form field strength by substituting for half the dimensionally
reduced components of the five-form field strength in terms of the remaining components in the
dimensionally reduced action. In this way we are able to write down a valid d = 7 dimensionally
reduced type IIB action.
We proceed to compactify three of the dimensions through the methods described in chapter
3. We will take a compactification ansatz









where aˆdenotes a D = 10 quantity, while all fields without aˆare lower dimensional D = 7 fields
and, as usual, the metric on the torus G satisfies det (G) = 1. Our choice of vielbein frame for this
compactification is









where e νµ is a vielbein for the background D = 7 metric and e
i
j is a vielbein for the metric on
the torus G. The vielbein on the torus e ∈ SL(3)/SO(3) will give the action for the scalar fields,
arising through expressing the D = 10 scalar curvature in terms of D = 7 fields, as a trace over



















µ = 0, Q and S denoting the antisymmetric and symmetric parts respectively of

































jµν − S jµi Sµij − γ2 (∂ρ)2 − 2 (nβ + (d− 1)α)∇2ρ
)
, (5.6)
where F˜µν = ∂µAν − ∂νAµ, γ2 = 12 for dimensional reduction to Einstein frame, and for D = 10,
d = 7 and n = 3 we have β = − 53α and α2 = 380 from equations (3.12) and (3.13).
Dimensional reduction of the ten dimensional two-form gauge fields Bˆ(2)a gives
Bˆa = B(2)a +B
(1)a
i1





∧ dxi1 ∧ dxi2 . (5.7)
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1 ∧ dxi1 ∧ dxi2 .
(5.8)
Converting to tangent frame through the relations
dxµ = e−αρe µν eˆ
ν (5.9)
and
dxi = e−βρe i
j












e−2αρeˆµ1 ∧ eˆµ2) ∧ (e−βρe i1
i1


























As mentioned in chapter 3, where we describe the dimensional reduction process, our convention
will be to shuﬄe all internal space basis elements to the right of all spacetime basis elements and
shuﬄe all contractions between the graviphoton internal indices and field strength internal indices
to the right of all free indices by making use of the antisymmetry of the field strength indices.






































































∧ eˆi1 ∧ eˆi2 .
(5.12)
Note that this is equivalent to equation (3.50) of chapter 3 and in the last line we have expressed







eˆµ1 ∧ eˆµ1 ∧ ... ∧ eˆµk . (5.13)
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Comparing this with an expansion of the ten dimensional field strength Hˆ(3)a in terms of the
dimensionally reduced field strengths in tangent frame, given by
Hˆa = Hˆ(3)a + Hˆ
(2)a
i1
∧ eˆi1 + Hˆ(1)a
i1i2
∧ eˆi1 ∧ eˆi2 , (5.14)





































Dimensional reduction of the d = 10 five-form field strength proceeds similarly, one finds
Fˆ = e−5αρ
(
F (5) − F (4)i1 ∧A(1)i1 +
1
2







































∧ eˆi1 ∧ eˆi2 ∧ eˆi3 ,
(5.18)
where




(2)a ∧ dB(2)b, (5.19)






















B(2)a ∧ dB(0)a +B(0)a
i1i2



























Again, comparing this with an expansion of the ten dimensional field strength Fˆ in terms of the
dimensionally reduced field strengths in tangent frame leads to the components of the dimensionally
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reduced five-form field strength in tangent frame being given by
Fˆ (5) = e−5αρ
(
F (5) − F (4)i1 ∧A(1)i1 +
1
2









Fˆ (4)i1 = e
−(4α+β)ρ
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Having dimensionally reduced the five-form field strength Fˆ we may now implement the self
duality condition
Fˆ = ∗Fˆ , (5.24)
where the Hodge dual in this expression is with respect to both the d = 7 background manifold








































i1i2i3 eˆµ3 ∧ eˆµ4 ∧ eˆµ5 ∧ eˆµ6 ∧ eˆµ7 .
(5.25)
Suppressing background manifold coordinate indices through adopting coordinate free notation the
Hodge dual of the five-form field strength is
∗Fˆ = ∗Fˆ (5) 1
3!




i1 i2i3 ∧ eˆi2 ∧ eˆi3





where the Hodge dual on the right hand side in the above expression is purely with respect to
the d = 7 background manifold. Comparing the components of the internal tangent space basis
elements of ∗Fˆ and Fˆ as given in equation (5.26) we find
1
3!








i1 i2i3 ∗ Fˆ (4)i1 = Fˆ (3)i2i3 , (5.28)
where again the Hodge dual is purely with respect to the d = 7 background manifold. Substituting
for Fˆ (5) and Fˆ (4)i1 using equations (5.27), (5.28) in the dimensionally reduced action has the
net effect of doubling the coefficient of the two and three form field strengths arising from the
dimensional reduction of the five-form field strength in d = 10, thus providing these terms with
the standard canonical factor of 12 usually associated with the two derivative terms in the effective
action.
Expanding the ten dimensional fields in the IIB action (5.1) in terms of the d = 7 fields as given
in (5.6), (5.12), (5.18) and collecting the d = 7 three-form field strengths, two-form field strengths,
derivatives of the scalars and the d = 7 curvature R, one may write the dimensionally reduced
d = 7 action as


















dρ ∧ ∗dρ+ 1
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We now seek to write the dimensionally reduced type IIB effective action in manifestly SL(5,Z)
invariant form. To do so, we must carefully select a group element E ∈ SL(5,R)/SO(5,R) pa-
rameterised by the type IIB dilaton and axion, in addition to the scalar fields arising from the
reduction of the three form field strengths and those parameterising the internal metric G. The
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derivatives of the scalars then appear in the action through the symmetric part of the Cartan form
constructed from the group element E, while the dimensionally reduced two and three form field
strengths transforming in the 5 and 10 of SL(5,Z) respectively may be converted to non-linear
representations of SL(5,Z) via the group element E. The d = 7 metric is an SL(5,Z) invariant,
therefore the d = 7 curvature R transforms trivially under SL(5,Z).
5.2.1 Scalar Sector










































(−Cj + χBj) ,
B′j =− e2αρ−φ2Bj .
(5.33)




























































The components of the symmetric part of the Cartan form EdE−1 under the Cartan involution,












































Tracing over the symmetric part of the Cartan form, we find
SIJ ∧ ∗SJI =
40
3
α2dρ ∧ ∗dρ+ 1
2















dρ ∧ ∗dρ+ 1
2
dφ ∧ ∗dφ+ 1
2













where, in the last line, we have used α2 = 380 and rewritten the derivatives of the NS-NS and R-R
dimensionally reduced fields, Bij and Cij respectively, as a non-linear realisation of SL(2,R). So
SIJ ∧ ∗SJI contains the scalar part of the action S1 in (5.30).
5.2.2 Two-form Field Strengths
The 2-form fields originate from the 3-form field strengths, the 5-form field strength and the ten
dimensional scalar curvature. We will define a one-form gauge field A˜
(1)












1j = −C˜j ,
A˜
(1)
2j = −B˜j ,
A˜
(1)
ij = −Aij ,
(5.37)
where Aij = kijA
k. The two-form field strength constructed by taking KIJ = dA˜
(1)
IJ also trans-








is a non-linear representation of SL(5,R) and transforms in a representation of SO(5,R), in this






































FIJ ∧ ∗FIJ =
1
2
F12 ∧ ∗F12 +
1
2
cFaj ∧ ∗Faj +
1
4
Fij ∧ ∗F ij . (5.40)
To show this we will first make the following field redefinitions in the two-form field strength part
































∧ A˜(1)i4 . (5.42)






















∧ F˜ (2)i2 ,
(5.43)
where we have defined H˜(2)a = dB˜(1)a. One may also show, through the use of identities A.9 and



















∧ F˜ (2)i4 . (5.44)








































Examining the terms in LTwo−form and 14FIJ ∧ ∗FIJ while making extensive use of the identities
(A.9), (A.13), one finds
1
2








∧ ∗F (2)i1i2i3 ,
1
2





















Fij ∧ ∗F ij =
1
2
F˜(2)i1 ∧ ∗F˜ (2)i1 .
(5.46)
So the two-form part of the action S2 may indeed be written as
1
4FIJ ∧ ∗FIJ .
5.2.3 Three-Form Field Strengths
The d = 7 three form field strengths arise from the dimensional reduction of the d = 10 three form
field strengths and five-form field strengths. Defining the two-form gauge field B(2)I transforming










where B˜(2), C˜(2) are the redefined NS-NS and R-R two-form gauge fields, respectively, and C
(2)
4jk
are the components of the dimensionally reduced four-form gauge field C4. The three form field
strength given by G(3)I = dB(2)I also transforms in the 5 of SL(5,Z). Converting the three form
field strengthG(3)I transforming in the 5 of SL(5,Z) to a non-linear representationHI transforming
under SO(5,R) by taking
HI = EJIG(3)J , (5.48)





















where IJKLM are the components of the SO(5,R) invariant completely antisymmetric tensor and
AIJ are the components of the non-linear representation constructed from the two-form gauge
field A defined in (5.37). This expression reproduces the three form part of the dimensionally
reduced three form field strength denoted Hˆ(3)a in equation (5.17), after a field redefinition in the
dimensionally reduced action of the type given in equation (5.42). However, we have yet to confirm
that the three forms arising from the dimensionally reduced five-form field strengths are contained
in S3. To do so one needs to find a field redefinition similar to that of equation (5.42) for the
dimensionally reduced four-form gauge field C
(2)
i1i2
such that the dimensionally reduced three form
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part of the five-form field strength matches that given by S3.
5.3 Constraints on Higher Derivative Terms
Let us assume that the two derivative terms in the dimensionally reduced action of type IIB string
theory are reproduced by the d = 7 curvature R, the symmetric part of the SL(5,R)/SO(5,R)
Cartan forms S and the non-linear representations of the two and three form field strengths as
constructed in the previous section. At next to leading order, the ten dimensional type IIB effective





where ΦSL(2) is the SL(2,Z) Eisenstein series with s = 32 and Rˆ
4 is a specific contraction of ten





R4 + f (F, ∂µρ, Sµ)
)
, (5.51)
where R4 is the d = 7 equivalent of the specific contraction of ten dimensional Riemann tensors
and f is an eighth order polynomial in the two-form field strength F , the derivatives of the volume
modulus of the torus ρ and the symmetric part of the SL(3,R)/SO(3,R) Cartan forms Sµ, with
contractions between the spacetime and internal indices dependent on the specific contraction of
the ten dimensional Riemann tensors. Now, consider the d = 7 R4 term in (5.51) with coefficient
ΦSL(2)e
−6αρ. Since R4 and ΦSL(2) are invariant while the volume modulus of the torus ρ is covari-
ant under an SL(5,Z) transformation this term seemingly breaks the SL(5,Z) symmetry of the
effective action of type IIB string theory compactified on a three torus. However, we know that this
is not the full story, instead we expect to have to construct higher order terms in the dimensionally
reduced effective action from the d = 7 curvature R, the symmetric part of the SL(5,R)/SO(5,R)
Cartan forms S and the non-linear representations of the two and three form field strengths with
a coefficient function that transforms as an SL(5,Z) automorphic form ΦSL(5). Therefore, the
resolution to the apparent problem that the dimensionally reduced R4 term breaks the SL(5,Z)
symmetry is that the ΦSL(2)e
−6αρR4 term is contained in the SL(5,Z) invariant term ΦSL(5)R4.
In the next chapter we will see that this puts strong constraints on the ΦSL(5) automorphic form
and in fact may be generalised to any dimension d ≥ 3 and any higher order term in the effective
action.
Now let us consider the remaining terms in (5.51) of the form ΦSL(2)e
−6αρf (F, ∂µρ, Sµ). In
the large volume limit of the three torus, which is equivalent to ρ → −∞, terms of the form
ΦSL(2)e
−6αρf (F, ∂µρ, Sµ) along with ΦSL(2)e−6αρR4 must combine to produce the ten dimensional
higher derivative term ΦSL(2)Rˆ
4. The SL(5,Z) completion of terms of the form ΦSL(2)e−6αρf (F, ∂µρ, Sµ)
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is given by SL(5,Z) invariant terms constructed out of non-linear representations of the two-form
field strength F and the symmetric part of the SL(5,R)/SO(5,R) Cartan forms S with a coef-
ficient function that transforms as an SL(5,Z) automorphic form Φ′SL(5). However, in the large
volume limit of the three torus, terms of the form Φ′SL(5)f (F, ∂µρ, Sµ) that combine with ΦSL(5)R
4
to produce the ten dimensional ΦSL(2)R
4 term also give rise to ten dimensional terms of the form
ΦSL(2)fˆ
(
Hˆa, Fˆ , P
)
, where ΦSL(2) is the automorphic form appearing as the coefficient function in
the original ten dimensional Rˆ4 higher order term and fˆ is a function of the ten dimensional three
form field strengths Hˆa, five-form field strength Fˆ and the symmetric part of the SL(2,R)/SO(2,R)
Cartan forms P . So, one might speculate that given a higher order term in the effective action
of type IIB string theory in ten dimensions constructed out of some polynomial in the curvature
R, the three form field strengths Hˆa, five-form field strength Fˆ and the symmetric part of the
SL(2,R)/SO(2,R) Cartan forms P with coefficient function that transforms as an SL(2,Z) auto-
morphic form ΦSL(2) we will find a set of ten dimensional higher order terms constructed out of
various combinations of the ten dimensional fields with the same SL(2,Z) automorphic form.
The argument that given the higher derivative ΦSL(2)Rˆ
4 term in the type IIB effective action
in ten dimensions one should expect to find a set of related but different eight derivative terms
constructed from the ten dimensional curvature, SL(2,R)/SO(2,R) Cartan forms, non-linearly
realised three form field strengths and five-form field strengths with the automorphic form ΦSL(2)
depends purely on the mixing of the ten dimensional fields in the seven dimensional SL(5,Z)
multiplets and makes no reference to the explicit structure of the automorphic form. Therefore,
it is natural to extend this argument and conjecture that the existence of a higher derivative
term ΦSL(2)O in the effective action of type IIB string theory in ten dimensions, where O is an
l derivative polynomial in the ten dimensional curvature, SL(2,R)/SO(2,R) Cartan forms, non-
linearly realised three form field strengths and five-form field strengths, implies the existence of
a set of higher derivative terms that are a set of related but different l derivative polynomials in
the ten dimensional curvature, SL(2,R)/SO(2,R) Cartan forms, non-linearly realised three form
field strengths and five-form field strengths, in the effective action possessing the same SL(2,Z)
automorphic form ΦSL(2) as the original term.
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This chapter is based on reference [28] and develops on an observation made at the end of chapter
5. Namely that the automorphic form ΦSL(5) of the type IIB R
4 term in d = 7 dimensions must
contain the term arising from the dimensional reduction of the d = 10 type IIB R4 term and
extends it to all dimensions d ≥ 3 and all higher derivative terms possessing invariant automorphic
forms. In particular we will dimensionally reduce a generic higher derivative term of type IIB string
theory on an n torus to d = 10−n dimensions. When one does this one finds that each term in the
d dimensional effective action contains a factor of the form e
√
2~w·~φ for some vector ~w. The fields ~φ
are the diagonal components of the metric, which encode the volume and other radii moduli of the
torus, as well as any scalar fields in the higher dimensional theory such as the dilaton. Carrying
this out for the supergravity theory, that is the lowest energy terms, we find that the vectors ~w that
appear are the roots of En+1. Indeed, this provides the fastest way to see that there is very likely
to be an En+1 symmetry of the lower dimensional theory. In references [38, 39] this was carried
out for a generic higher derivative term of the effective action and one found not roots but weights
of En+1. This in itself was evidence for an En+1 symmetry in the higher derivative corrections
to string theory and the appearance of weights rather than roots was interpreted as evidence for
automorphic forms as they involve weights of En+1, this may be contrasted with the scalar fields
parameterising the En+1/H coset that appear with the roots of En+1.
We carry out the calculation in a more streamlined manner than in references [38, 39] and
generalise to any dimension d ≥ 3. We assemble the fields of the lower dimensional theory, that
occur with spacetime derivatives, into representations of the d-dimensional duality group En+1.
We show that the higher derivative terms can be written as powers of the En+1 covariant field
strengths along with additional factors of the dilaton and volume which are the remnants of the
above e
√
2~w·~φ factors. We find that the left-over weight has a simple universal form for any term.
For terms that arise at tree level in string perturbation in ten dimensions we find ~w = s~Λn+1,
where s = (lT −2)/4 with lT counting the number of derivatives and ~Λn+1 the fundamental weight
dual to ~αn+1 (see Figure 9). The observation of [39] is that these additional factors must come
from an automorphic form and therefore we are led to conclude that the automorphic form which
multiplies a given higher derivative term involves the weight ~Λn+1. Moreover, for Eisenstein-like
automorphic forms the leading order behaviour is given by e−
√
2s~φ·~ΛH (for example see [39, 40]),
where ~ΛH is the highest weight of the representation used to construct the automorphic form. Thus
our results suggest that the higher derivative terms always include an automorphic form built from
a representation with highest weight ~Λn+1. We also perform a similar analysis in M-theory and see
that the weight is (using the same labeling of the En+1 diagram), ~w = s~Λ
n−1 with s = (lT − 2)/6.
However it is important to note that we are in effect considering a particular limit and other
representations could also appear but be subdominant in that limit.
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6.1 Dimensional Reduction of Type IIB Higher Derivative Terms
In this section we will study the dimensional reduction of the higher derivative corrections of IIB
string theory. Our metric compactification ansatz is given by




where Gij has unit determinant and the constants α and β are defined in equations (3.12), (3.13)
and ensure that if one starts inD-dimensional Einstein frame, the resulting theory in d dimensions is
in Einstein frame with a standard normalisation for the kinetic term of the scalar ρ which controls
the volume of the torus. We have labeled the coordinates by (xµ, xi), µ = 0, 1, . . . , d − 1; i =
d, . . . ,D − 1. In the above equation Gij = e ki e lj δk¯l¯ and e ki is a vielbein but subject to det e = 1.
We adopt the convention that i, j, k, . . . are world indices and i, j, k, . . . are tangent indices.
As is well-known, dimensionally reducing Einstein gravity on a torus leads to a theory that
possesses an SL(n,R) symmetry. In particular, the degrees of freedom of gravity associated with
the torus, apart from the graviphotons, enter the lower dimensional theory through a non-linear
realization of SL(n,R) with local subgroup SO(n). The latter is the Cartan involution invariant
subgroup, i.e. τ(SL(n)) = SO(n).








where H forms the Cartan subalgebra, Eα are positive root generators (when α > 0) of SL(n,R)
respectively and ξSL(n) collectively denotes the fields χα and φ. In fact the terms which contain
gSL(n)(ξSL(n)) alone are built out of the Cartan forms
g−1SL(n)∂µgSL(n) = SSL(n)µ +QSL(n)µ , (6.3)
where SSL(n)µ and QSL(n)µ are symmetric and anti-symmetric in i and j respectively corresponding
to the decomposition of the Cartan forms into those for SO(n), i.e. QSL(n)µ, and its compliment.
In what follows we will construct the dimensionally reduced theory in such a way that its
SL(n,R) symmetry is manifest. To begin with we wish to find an expression for the inverse
vielbein making use of the discussion of non-linear realisations. Let us denote the the fundamental
highest weights of SL(n) by λi. The representation with highest weight λ1 corresponds to the
vector representation, with a single lowered index. We denote the states of this representation by
|ψ >= ψi|µi > where µi are the weights in the root string of λ1, which we denote by [λ1]. From
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i ψj . (6.5)
Under an SL(n) transformation this state transforms under a local SO(n) and we may identify
the change from ψi to ϕi as the familiar conversion from world to tangent indices using the inverse









. Thus we find that the inverse
vielbein ei





The dimensionally reduced theory will involve corrections that contain field strengths of the form
Fµ1...µpi1...ik , where i1, . . . , ik are world volume indices of the torus (there can also be SL(2) indices
which we address below). However, we can choose to work with tangent, rather than world, indices
in the torus directions by using the inverse vielbein (e−1) j
i
. Following the same argument we just
used above, this can be viewed as the conversion of the linear rank k antisymmetric representation
of SL(n,R) into a non-linear representation of SL(n,R)/SO(n) whose indices rotate under SO(n).
Thus we start from the linear representation
∑
i1,...ik






|i1 . . . ik, λk >= L(g−1SL(n)(ξ))
∑
i1,...ik
Fµ1...µpi1...ik |i1 . . . ik, λk > . (6.7)
We note that we have denoted the field strength with tangent indices by Fsl(n)
µ1...µpi1...ik
. Its depen-
dence on the metric of the torus is obtained by acting with L(g−1SL(n)(ξ)) on the states |i1 . . . ik, λk >.
Therefore one finds that the fields φ associated with the Cartan subalgebra of SL(n,R) occur in
FSL(n)
µ1...µpi1...ik
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6.1.1 SL(2) Formulation of Type IIB Supergravity
As demonstrated in section 3.4.2, the bosonic part of the type IIB effective action, in Einstein






























where Rˆ is the scalar curvature, Hˆcµνρ are the components of non-linearly realised three form field
strengths, Sˆµ are the components of the symmetric part of the SL(2,R)/SO(2,R) Cartan form
under the Cartan involution and Fˆµ1µ2µ3µ4µ5 are the components of the type IIB five-form field




ν , where eµ
ν and (eS)µ
ν are the
components of the vielbein on the Einstein frame and string frame metric, respectively, the type


















2 · 5! Fˆµ1...µ5 Fˆ
µ1...µ5) .
(6.9)
We note from the factors of eφ that occur that Hˆ11µ1µ2µ3 , χ and Fˆµ1...µ5 are in the R-R sector and
gµν , φ, and Hˆ21µ1µ2µ3 in the NS-NS sector.
Let us now consider higher derivative terms. It will be useful for what follows to use a hat
to denote a ten-dimensional quantity and suppress any spacetime indices. The higher derivative
corrections in the IIB theory in ten dimensions can be written as a polynomial in the Riemann
tensor Rˆ, SL(2)/SO Cartan forms Sˆ, rank three field strength Hˆa3 and rank five field strength Fˆ










where Sˆµ11 and Sˆµ12 are the NS-NS and R-R sector parts of S respectively, while ΦˆSL(2) is a
suitable automorphic form. As is well known the higher order corrections involve instantons and
other solitonic objects and due to the quantisation conditions on the charges only the SL(2,Z)
part of the SL(2,R) symmetry survives. The automorphic form depends on τ that is φ and χ. We
will be mainly interested in the eφ dependence and we denote the leading dependence of ΦˆSL(2) on
φ by ΦˆSL(2) ∼ e−sˆφ.
It will be instructive to compute the eφ dependence of the above ten dimensional higher deriva-
tive correction in string frame. The transition from Einstein frame to string frame is given by
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eˆ = e−
φ










Note that we have used a prime to denote contributions from R-R fields. At order g in perturbation




(lˆ0 + lˆR + lˆ1 + 5lˆ
′




5 − 2− 8g) . (6.12)
6.1.2 Reduction of Higher Derivative Type IIB Terms
We are interested in the dimensional reduction of ten dimensional higher derivative corrections of
IIB string theory, that is terms as given in equation (6.10), on an n torus to d = 10−n dimensions.
As explained above, by working with the non-linear realisations we can formulate the result with
a manifestly SL(2) ⊗ SL(n) symmetry. The resulting building blocks in d dimensions are the
Riemann tensor R which is an SL(2)⊗SL(n) singlet, the derivatives of the scalars which belong to
the Cartan forms of SL(2)⊗SL(n), SSL(2)⊗SL(n) and objects which are non-linear representations
of SL(2)⊗SL(n). As mentioned above the latter arise if one works with “tangent space” quantities.
These objects generically denoted by F are related to the usual field strengths, which transform
linearly under SL(2)⊗ SL(n), to the non-linearly realised objects F , by the generic equation






α>0 Eαχα+Eχ)|F > . (6.13)
These F transform by field dependent SO(n)⊗SO(2) transformations and so it is easy to construct
invariants using the Kronecker delta symbol. The QSL(2)⊗SL(n) component of the Cartan forms
only enters when we find derivatives of the above objects where it plays the role of a connection.
We are particularly interested of the dependence in the dimensionally reduced action on the
scalars φ, ρ and φ which we assemble into the n+ 1-vector
~φ = (φ, ρ, φ) . (6.14)
The dependence on φ and φ, which are the Cartan fields associated with SL(2) ⊗ SL(n), occurs
only inside the objects FSL(2)⊗SL(n). The exception is the φ dependence that arises from the ten
dimensional automorphic form ΦˆSL(2). The dependence on ρ arises from the dimensional reduction
of the vielbeins using the metric ansatz of equation (6.1) as was described in references [38, 39].
The det eˆ factor in the action leads to a factor of e(dα+nβ)ρ = e2αρ while FSL(2)⊗SL(n) µ1...µpi1...ik
leads to the factor e−ρ(pα+kβ). To give a concrete example with l factors of the latter field strength
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we find the generic term∫




ddxdet e(FSL(2)⊗SL(n) µ1...µpi1...ik)le(2α−l(pα+kβ))ρ . (6.15)
The powers of eρ associated with any other terms are also easily calculated.
The dimensional reduction of any term in the effective action of equation (6.8) leads to terms
that contain the derivatives of the scalars, vielbein and gauge fields multiplied by factors of the
form e
√
2~w·~φ for some n+ 1-vector ~w:
~w = (w, κ,w) . (6.16)
The first and third entries w and w arise from the behaviour of the fields under the SL(2)⊗SL(n)
and can be read off from the action of gSL(2)⊗SL(n) on the linearly realised representation using
equation (6.13). The second entry simply records the powers of e
√
2ρ that arise after dimensional
reduction as just discussed.
For every factor of F
SL(2)









} are the weights that appear in the fundamental representation of SL(2,R). In





In what follows it will be advantageous to also consider the dual version of certain fields. Let
us consider a two-derivative term in the effective action of the form
∫
ddxdet e(FSL(2)⊗SL(n)µ1...µpi1...ik)2e(2α−2(pα+kβ)ρ , (6.17)
where FSL(2)⊗SL(n) = g−1SL(2)⊗SL(n)F , F = dA. We can introduce the dual field strength FDSL(2)⊗SL(n)µ1...µqi1...is
defined by FDSL(2)⊗SL(n) = g−1SL(2)⊗SL(n)dAD where p+ q = d and k + s = n. We then impose the








where FD = dAD and in the second line with have used the fact that det(gSL(2)⊗SL(n)) = 1. Note
that if FSL(2)⊗SL(n) and FDSL(2)⊗SL(n) have SL(2) indices then an additional factor of ab is needed
in (6.18).
We can now view FSL(2)⊗SL(n) as an unconstrained field and integrate it out. Taking its
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We will assume that we can use this lowest order dualisation equation in the higher order








In the last step we have used equations (3.12) and (3.13) for the constants α and β. Hence, we
get the same result if we use the original field or we use the dual field provided we take into
account the correct number of indices. The reader may check this in specific cases including that of
the graviphoton which first appears when reducing the Riemann tensor with a field strength that
carries a single upper i index.
6.1.3 The En+1 symmetry in d Dimensions
As discussed in the last section the dimensional reduction of the IIB theory including its higher
derivative corrections, on an n torus leads to a formulation in which the SL(2)⊗SL(n) symmetry
is manifest. However, the IIB supergravity theory when dimensionally reduced to d = 10 − n
dimensions actually possess an En+1 symmetry, of which a discrete subgroup is preserved in the
quantum theory. Evidence for this conjecture has been obtain in a variety of works such as
[15,23,24,27,31–48]. The Dynkin diagram of En+1 suited to the IIB theory is given by
n+ 1
n
n− 1n− 2n− 321
Figure 9: Dynkin diagram for En+1 with type IIB labeling
The relevant SL(2)⊗ SL(n) subalgebra of En+1 is found by deleting the node labeled n in the
Dynkin diagram of Figure 9. The SL(2) factor is just the SL(2) symmetry of the IIB supergravity
theory and arises from the node labeled n + 1, while the SL(n) symmetry is part of the gravity
symmetry of the ten dimensional theory that now belongs to the torus and corresponds to the
nodes labeled 1 to n− 1.
These features are particularly apparent when one considers the E11 formulation of the IIB
theory [66, 67]. The En+1 Dynkin diagram emerges from the E11 Dynkin diagram, given just
below, by deleting the node d to find the algebra SL(d) ⊗ En+1. The nodes labeled 1 to 9 of
the E11 Dynkin diagram in figure 10 are called the gravity line as they are associated with ten
dimensional gravity. After the deletion of the node d, this line gives rise to SL(d)⊗ SL(n) which
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Figure 10: E11 Dynkin diagram with type IIB labeling
is associated with gravity in d dimensions and the SL(n) of the now internal En+1 symmetry.
As already mentioned if one computes the weights ~w that arise from the dimensional reduction
of the IIB supergravity theory using the techniques given in the last section one readily finds that
they are the weights of En+1. While this is a strong indication of an underlying En+1 symmetry the
detailed dimensional reduction is required to prove the existence of this symmetry in d dimensions.
In this process one finds that the SL(2)⊗SL(n) representations that the fields belong to collect up
to form a representation of En+1. It will be essential to understand how the representations of En+1
that occur decompose into representations of SL(2) ⊗ SL(n) as this will allow us to compare the
En+1 formulation of the higher derivative corrections with that arising from dimensional reduction
from ten dimensions. It is from this comparison that we will be able to deduce some properties of
the automorphic form in d dimensions. The review [82] on U-duality discusses En+1 representations
but here we will need the explicit form for the weights.
d En+1 τ (En+1) F2 F3 F4 F5
10 SL(2) SO(2) 2 1
8 SL(3)× SL(2) SO(3)× SO(2) (3,2) (3,1) (1,2)
7 SL(5) SO(5) 10 5 5
6 SO(5, 5) SO(5)× SO(5) 16 10
5 E6 USp(8) 27
4 E7 SU(8) 56
3 E8 SO(16)
Table 2: En+1, τ(En+1) and representations of the field strengths
The scalars, denoted ξE , in d dimensions belong to a non-linear realisation of En+1 with local
subgroup τ(En+1) where τ(G) denotes the Cartan involution invariant subgroup of G. These local
subgroups are given in Table 2. Given a group element gE(ξE) of En+1 we can use the local







where E~α are the positive root and ~H the Cartan subalgebra generators of En+1. The fields ~φ and
χ~α are the scalar fields of the theory which we have denoted collectively by ξE . The dynamics of
the scalars are constructed, as usual, out of the Cartan form g−1E dgE = SE +QE , where QE lies in
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the Lie-algebra of τ(En+1).
The gauge fields transforms as linear representations of En+1; their representations are given
in Table 2. Note that care must be taken for d/2-form field strengths as these generally only fill
out En+1 representations if their electromagnetic duals are also included. However, it is desirable
to use the scalar fields ξE to convert the fields strengths FE which belong to linear realisations of
En+1, into tensors denoted FE which transform non-linearly under En+1, using equation (B.73).
We may write the relation in the generic form
|FE >= L(g−1E (ξE))|FE > . (6.22)
Under an En+1 transformation these change as
|FE >→ L(h−1)|FE > , (6.23)
where h ∈ I(En+1). We can write gE(ξE) = gSL(2)⊗SL(n)(ξSL(2)⊗SL(n))g′ where g′ contains the
Cartan and positive root generators of En+1 which are outside SL(2)⊗ SL(n). Therefore we can
write





L((g′)−1)|F (µ,λ)SL(2)⊗SL(n) > .
(6.24)
Hence the En+1 non-linear realisations FE that appear in the En+1 formulation of the theory can be
written as L((g′)−1) acting on the non-linear realisations F (µ,λ)SL(2)⊗SL(n). The superscript (µ, λ) are
the highest weights of the different SL(2)⊗ SL(n) representations that arise in the decomposition





We will primarily be interested in the scalar fields associated with the Cartan subalgebra of
En+1. The subalgebra SL(n) ⊗ SL(2) has n such fields φ and φ which are associated with the
nodes 1, . . . , n−1 and node n+1 of the En+1 Dynkin diagram respectively. The remaining Cartan
field in En+1 is ρ and this is associated with the deleted node, that is the node n. Restricting g to

























when acting on a state in a representation of En+1 with weight ~Λ. Here (~Λ)n is the nth component
of ~Λ. We are interested in comparing the En+1 formulation of the higher derivative corrections in
d dimensions with those obtained by dimensional reduction from ten dimensions, both of which
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can be written in terms of non-linear realisation of SL(2) ⊗ SL(n) symmetry, i.e. in terms of




factors. In the En+1 formulation these arise by decomposing the En+1 building blocks F as in
equation (6.24) and then using equation (6.25) while in the dimensional reduction they arise from
the metric ansatz of equation (6.1).
We assume that the higher derivative corrections to the IIB theory are invariant under a discrete
En+1 symmetry. The fields transform in the same way as for the IIB supergravity theory in d
dimensions, but under the discrete group. The terms in the d dimensional effective action will be




2 Sl1E µ(FEµ1)l1(FEµ1µ2)l2ΦE . . . , (6.26)
where FEµ1 , . . . are the En+1 non-linear realisations constructed in equation (6.24) and ΦE is
function of the scalars ξ which transforms under the discrete symmetry as
ΦE → D(h−1)ΦE , (6.27)
for h ∈ I(En+1) and D(h) being in the representation that ΦE belongs to. However, ΦE has a non-
holomorphic dependence on the scalars and we will refer to it as a non-holomorphic automorphic
form.
A formulation of automorphic forms which transform as in equation (6.27) was given in reference
[29]. To construct such a non-holomorphic automorphic form for a discrete group G one chooses
a linear representation of G denoted |ψ > and considers |ϕ >= L(g−1)|ψ > where g(ξ) is an
element of G that is subject to the transformations of equation (B.61), that is it is a non-linear
realisation and |ϕ > is the non-linear realisation constructed from |ψ > using equation (B.73). The
automorphic form is a suitable function of ϕ. The simplest case is that of a scalar automorphic





< ϕ|ϕ >s . (6.28)
For our case G = En+1 and ξ are the scalar fields of the theory, include those associated with
Cartan subalgebra which we have labeled by ~φ = (φ, ρ, φ). To leading order the automorphic form




where ~ΛΦ is a weight of the representation. For the automorphic form of equation (6.29) Φ ∼
e−
√
2s~ΛH ·~φ where ~ΛH is the highest weight of the representation used to build the automorphic
form.
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We will want to compare the terms in the effective action of equation (6.26) in their En+1
formulation with those obtained from the dimensional reduction of the higher derivative terms in
ten dimensions given in equation (6.10). This will allow us to place restrictions on the automorphic
form ΦE in d dimensions and in particular the weights ~ΛΦ that can appear in it. For almost all
terms this will require the decomposition of the En+1 representations that occur into SL(2)⊗SL(n)
representations.
The simplest examples are terms in the effective action of equation (6.26) that only involve
powers of the the Riemann tensor in d dimensions since the Riemann tensor is a singlet of En+1.
This contribution comes from the dimensional reduction of the similar term in ten dimensions,
namely that of equation (6.10) with only lˆR = lR non vanishing. Since the Riemann tensor, in
tangent frame, possess two powers of the inverse vielbein we find a factor of e−2αρ for each Riemann
tensor and a factor of e2αρ from det eˆ. From the automorphic form in ten dimensions we find, at























From equation (6.12) we have sˆ = 14 (lR − 2 − 8g) and taking the leading contribution at g = 0
we conclude that ~ΛΦ =
1
4 (lR − 2)~Λn+1 where Λn+1 = ( 1√2 , 12x , 0) and we have used the relation
x−1 = 4
√
2α. Thus the automorphic form has the leading order behaviour Φ ∼ e−
√
2 14 (lR−2)~Λn+1·~φ.
Hence for terms which contain only the Riemann curvature it is straight forward to to compute
the leading behaviour of the automorphic form. In what follows we will carry out this calculation
for all possible terms, but as we will see this involves some much more sophisticated group theory.
In order to study the remaining terms. We consider the possible building blocks that arise in the
dimensional reduction from ten dimensions and compare these with those in the En+1 formulation.
As we have explained above the latter can be expressed in terms of non-linear realisations of
SL(2)⊗SL(n) which agree with the same objects found from dimensional reduction. The difference
arises from the ρ dependence. To find this difference we must decompose the representations of
En+1 into those of SL(2)⊗ SL(n). We do this following the techniques [83–85] developed for the
study of the E11 symmetry. As mentioned above, deleting the node n in the Dynkin diagram of
En+1 results in the algebras SL(2)⊗ SL(n). We may write the simple roots of En+1 as
~αn+1 = (β1, 0, 0), ~αn = (0, x, 0)− ~ν, ~αi = (0, 0, αi), i = 1, . . . , n− 1, (6.32)
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where ~ν = (µ1, 0, 0)+(0, 0, λ
n−2). Also, the αi and λ
i are the simple roots and fundamental weights
of SL(n) and β1 =
√
2 and µ = 1√
2
the simple root and fundamental weight of SL(2). Demanding





2α)−1. The fundamental weights of En+1, denoted




λn−2 · λi, λi), ~Λn = (0, 1
x




Any root of En+1 can be written as
~α = nc~αn +m~β1 +
∑
i
ni~αi = nc(0, x, 0)− ~Λ, (6.34)
where ~Λ = nc~ν −
∑
i ni(0, 0, αi) − m(β1, 0, 0). The latter is a weight of SL(2) ⊗ SL(n). If a
representation of SL(2)⊗SL(n) occurs in the decomposition of the adjoint representation of En+1
its highest weight must occur as one of the λ’s for some positive integers m, ni and nc. We refer
to the integer nc as the level and we can analyse the occurrence of highest weights level by level
using the techniques of references [83–85]. Clearly, at level zero i.e nc = 0 we have just the adjoint
representation of SL(2) ⊗ SL(n). The result is that the adjoint representation of En+1 contains
the adjoint representation of SL(2)⊗ SL(n) at nc = 0 together with the following highest weight
representations of SL(2)⊗ SL(n)
nc = 1 nc = 2 nc = 3 nc = 4
(µ, λ2) (0, λ4) (µ, λ6) (0, λ1 + λn−7).
(6.35)
Thus the weights in the adjoint representation of En+1 then have the form
([β1], 0, 0) , (0, 0, [α1 + . . .+ αn1 ]) , ([µ1], x, [λ
1]) ,
(0, 2x, [λ4]) , ([µ1], 3x, [λ
6]) , (0, 4x, [λ1 + λn−7]) .
(6.36)
These correspond to the adjoint of SL(2)⊗ SL(n) at nc = 0 as well as the generators
nc = 1 nc = 2 nc = 3 nc = 4
Rαij Ri1...i4 Rα,i1...i6 Rj1...j7i .
(6.37)
The maximum value of nc that contributes is nc = 1, 2, 2, 3, 4 for n = 3, 4, 5, 6, 7 respectively as is
clear from the index structures of the generators. The reader may verify that once the additional
negative root generators are included this collection of generators has the correct count of generators
for En+1 for n = 3, . . . , 7.
The Cartan forms of En+1 belong to the adjoint representation and so using equation (6.36) we
find that the coset component SEµ decomposes into the Cartan forms SSL(n)⊗SL(2)µ of SL(2) ⊗
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SL(n) at nc = 0 and
nc = 1 nc = 2 nc = 3 nc = 4
SSL(2)⊗SL(n)µαij SSL(2)⊗SL(n)µi1...i4 Sµα,i1...i6 SSL(2)⊗SL(n)µj1...j7i.
(6.38)




, contained in the g−1 part of g−1∂µg, and so using







The ten dimensional origin of the first two terms of equation (6.38) is obvious given their index
structure and they are contained in the blocks FSL(2)⊗SL(n)αµij and FSL(2)⊗SL(n)µi1...i4 respectively
that come from the dimensional reduction of the three form and five-form field strengths respec-
tively. The fourth term of equation (2.44) only occurs for d = 3 and d = 4 and in these dimensions
it arises as the dual of the three from field strength, more precisely the dual of FSL(2)⊗SL(n) αν1ν2ν3
and FSL(2)⊗SL(n) αν1ν2i respectively. Alternatively, one can think of the fourth term as arising from
the dimensional reduction of the field strength FSL(2)αν1...ν7 . The final term in equation (6.38)
only occurs in d = 3 dimensions, that is for E8, and it arises as the dual of the graviphoton ∂[ahb]
i.
At the end of section (6.1) we showed that calculating the powers eρ from the original field, or
its dual, gave the same result. As such we will calculate it from the Cartan forms of equation
(6.37). We observe that these carry one d dimensional spacetime index and 2nc internal indices
and according to the discussion around equation (6.15) we find a factor of
e−ρ(α+2ncβ) = e2αρnc
8−n
n e−αρ , (6.40)
for each contribution.
Thus for each factor of the Cartan form SEµ in the d dimensional effective action we find an
additional factor of e−αρ in the dimensionally reduced action compared to the En+1 formulation.
This result, taken together with the previous result for factors of the Riemann tensor, is consistent
with the rule that for each spacetime derivative in d dimensions we get an additional factor of
e−αρ.
To treat the other building blocks in the same way we must learn how to decompose more
general representations of En+1 into those of SL(2) ⊗ SL(n). To do this we use the technique of
reference [74, 75]. If one wants to consider the fundamental representation ~Λi of En+1 associated
with the node labeled i we add a new node, denoted ?, to the En+1 Dynkin diagram which is
connected to the node labeled i by a single line to construct the Dynkin diagram for an enlarged
algebra of rank n+2. Deleting the ?-node we recover the En+1 Dynkin diagram and the ~Λ
i of En+1
is found in the adjoint representation of the enlarged algebra provided we keep only contributions
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at level n? = 1. Thus we find the decomposition of the fundamental representation of En+1 into
representations of SL(2)⊗SL(n) by decomposing the adjoint representation of the enlarged algebra
but deleting the additional node and keeping only contributions with n? = 1 and deleting node n
but keeping all levels of nc. The level one states are a representation as the commutator preserves
the level and so the commutator of the level zero generators, that is the adjoint representation of
En+1, with the level one states give again level one states. It is the desired representation since
the lowest state contains λi. For details see references [74,75].
The weights of the ~Λi representation of En+1 can be written in the form(
[µ], ncx− 1
x
λn−2 · λi, [λ]
)
, (6.41)
except for i = n for which it is of the form ([µ], ncx− 1x , [λ]) Here (µ, λ) is the highest weight of the
SL(2)⊗SL(n) representation that occurs. We note that ~ν · ~Λi = 2in for i ≤ n− 2, ~ν · ~Λn−1 = (n−2)n
and ~ν · ~Λn+1 = 12 .
Next we will treat the two-form field strengths in the d dimensional effective action in a similar
way. The one-form gauge field, from which they are constructed, belong to the ~Λ1 representation
of En+1. The ~Λ
1 representation of En+1 decomposes into SL(2)⊗SL(n) representations as follows
nc = 0 nc = 1 nc = 2 nc = 3 nc = 4 nc = 4 nc = 4
(0, λ1) (µ, λn−1) (0, λn−3) (µ, λn−5) (2µ, λn−7) (µ, λn−7) (0, λn−1 + λn−6)
nc = 5 nc = 6 nc = 7 nc = 8
(µ, λn−2 + λn−7) (0, λn−4 + λn−7) (µ, λn−6 + λn−7) (0, λn−1 + 2λn−7).
(6.42)
The reader may verify that one finds the correct dimensions of the ~Λ1 representation, that is 16,




, [λ1]) , ([µ1],
2
nx
− x, [λn−1]) , (0, 2
nx
− 2x, [λn−3]) , ([µ1], 2
nx




− 4x, [λn−7]) , (0, 2
nx
− 4x, [λn−7]) , (0, 2
nx




− 5x, [λn−2 + λn−7]) , (0, 2
nx




− 7x, [λn−6 + λn−7]) , ([µ1], 2
nx
− 8x, [λ1 + 2λn−7]) (6.46)
These correspond to two-form field strengths take the form
nc = 0 nc = 1 nc = 2 nc = 3 nc = 4 nc = 4 nc = 4
F iµ1a2 Fαµ1a2i Fµ1a2i1i2i3 Fαµ1a2i1...i5 Fµ1a2j,i1...i6 Fµ1a2(αβ),i1...i7 Fµ1a2i1...i7 ,
(6.47)
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as well as higher level contributions. Since a two form field strength is dual to a one-form field
strength in three dimensions we only study two-form field strengths in dimensions four and above.
This corresponds to n ≤ 6 and so of the above field strengths we only need those at levels nc = 3
and the first term in the above equation at level nc = 4.
We recognise the two-form field strengths of equation (6.47) as the dimensional reduction of the
metric, i.e. the graviphoton, the three form, the five-form for the first three entries. The fourth
entry arises from the dual of the three form in d = 4 and d = 5 while the only required level four
field strength is the dual of the graviphoton.
Decomposing the rank two field strength in their En+1 representation, using equations (6.22)










n (−4+nc(8−n))ρ , (6.48)
for each rank two field strength at level nc. We observe that the above field strengths have two
d-dimensional spacetime indices and 2nc − 1 internal indices and so the factor of eρ that appears





n (−4+nc(8−n))ρe−αρ . (6.49)
Evaluating this and comparing with the factor in equation (6.48) we find an additional factor of
e−αρ for each rank two field strength.
We now carry out the same analysis for the rank three field strengths. We need only consider
these field strengths in dimensions d ≥ 6, since in a lower dimension a rank three field strength
is dual to a lower rank field strength. This is equivalent to n ≤ 4. The rank three field strength
belong to the ~Λn+1 representation of En+1. One finds that the weights in the ~Λ
n+1 representation




, 0) , (0,
1
2x
− x, [λn−2]) , ([µ1], 1
2x




− 3x, [λn−1] + [λn−5]) , (0, 1
2x
− 3x, [λn−6]) , ([β1], 1
2x




− 4x, [λn−1 + λn−7]) , ([µ1], 1
2x




− 5x, [λn−4 + λn−6]) , (0, 1
2x








− 6x, [λn−5 + λn−7]) , ([µ1], 1
2x
− 6x, [2λn−6]) , (6.55)
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− 6x, [λn−1 + λn−4 + λn−4]) , . . . . (6.56)
The reader may like to verify that one has the correct count of states for the 5, 10, 27, and
133-dimensional representations of SL(5), SO(5, 5), E6 and E7 respectively. For the first few
entries many contributions vanish as one has too many antisymmetrised indices. To find the 3875
dimensional representation of E8 one must go further in the analysis.






x −ncx)ρ = e−
2α
n (n−2nc(8−n))ρ . (6.57)
The corresponding field strengths carry three d dimensional spacetime indices and 2nc internal
indices and so we find in the dimensionally reduced theory a factor of
e−ρ(3α+(2nc)β) = e−
αρ
n (3n−2nc(8−n)) . (6.58)
Consequently for every rank three field strength we find an additional factor of e−αρ in the dimen-
sionally reduced theory. The same conclusion holds for the rank four field strengths.
Since one finds the same additional factor no matter what field strength one considers the
above can be summarised as follows, for every derivative we find an additional factor of e−αρ in the
dimensionally reduced theory. One also finds in the dimensionally reduced theory a e−sˆφ coming
from the ten dimensional SL(2) automorphic form. Consequently, the excess in the dimension-
ally reduced theory compared to that found in the En+1 formulation of equation (6.57), but not
taking into account the contribution of the En+1 automorphic form in d dimensions in the latter
formulation, is given by
e−(lT−2)αρ−sˆφ , (6.59)




3+lˆ5. The −2 part arises from the det eˆ. This excess can only come from
the En+1 automorphic form. Demanding that all the weights arising from dimensional reduction


























3 + lˆ5 counts the number of R-R fields.
Let us consider higher derivative terms constructed only out of NS-NS fields, so that lRR = 0.
Suppose also that we look at terms which have a tree level, g = 0, contribution in ten-dimensions.






~Λn+1 . This strongly suggests that it is built from the En+1 representation with highest




The SL(2,Z) Eisenstein automorphic form in ten dimensions contains two perturbative terms
with dilaton dependence e−sφ and e(s−1)φ. If the first term possesses a value of s that leads to
a tree level contribution then the second term leads to a genus g = s− 1/2 contribution. Above
we considered the effect of dimensionally reducing the tree level contribution, but one can also
consider the second contribution. One finds, substituting g = s− 1/2 into (6.60), that the weight
vector is
~ΛΦ = (1− s)~Λn+1 + (s− 1/2)~Λn = s~Λn+1 − (s− 1/2)~αn+1 . (6.61)
However the first two terms in the perturbative contribution of the Eisenstein-like En+1 automor-





where E1 and E2 are constants. It is pleasing to see that the second term of the automorphic form
in ten dimensions leads to the correct second term in the En+1 automorphic form in d dimensions.
6.2 M-Theory
Let us now perform a similar analysis for the dimensional reduction of higher derivative terms
of M-theory. Note that to compare with the previous section one must make the substitution
n → n + 1. In addition the values of α and x in this section are different to those in section 6.1.
The Bosonic field content of M-theory consists of the graviton with curvature Rˆ and a three form
gauge field Aˆµˆνˆρˆ out of which the four-form field strength Fˆµˆνˆρˆσˆ is constructed. At lowest order in





2 · 4! Fˆ
2 + . . .
)
. (6.63)
where the ellipsis denote Fermion terms as well as a Chern-Simons-type term for Aˆ. A generic




2 Fˆ lˆ4 . (6.64)
M-theory, dimensionally reduced on an n-torus, possesses an En symmetry in d = 11−n dimensions
and shares the same manifest SL(n) symmetry through the non-linearly realised field strengths
and the Cartan forms in d dimensions as the type IIB theory. However, no dilatonic scalar is
present in d = 11 dimensions. Upon dimensional reduction, a higher derivative term will pick up a
dependence on the n diagonal components of the metric on the n-torus ρ and φ. We observe that












~w = (κ,w) .
(6.65)
The general term in the En formulation in d dimensions is a polynomial in the non-linearly re-
alised field strengths F , Cartan forms P and curvature R multiplied by an automorphic form ΦE
constructed out of some representation of En∫
ddxdete∂l0R
lR
2 P l1Eµ1(FEµ1µ2)l2(FEµ1µ2µ3)l3ΦE . . . . (6.66)
We will again determine the representation out of which the En automorphic form is constructed in
d dimensions by comparing the dimensionally reduced formulation, with manifest SL(n) symmetry,
to that of the En formulation. The Dynkin diagram for M-theory is given in figure 11. Note that
here we use a different labeling for the nodes and hence the roots and weights are also labeled
differently than in section 6.1.
n
n− 1n− 2n− 3n− 421
Figure 11: Dynkin diagram for En with M-theory labeling
The simple roots of En may be written as
~αi = (0, αi) , i = 1, ..., n− 1,






. The variable x associated with the ρ factor of the deleted node n is evaluated































One may write any root of En as
~α = nc~αn +
n−1∑
i=1
ni~αi = nc (x, 0)− ~Λ , (6.70)
where ~Λ = nc~ν −
∑n−1
i=1 ni~αi. As in the IIB theory, if a representation of SL(n) is present at some
level nc in the adjoint representation of En, then its highest weight may be written as ~Λ for some
combination of the integers nc and ni. Level nc = 0 contains the adjoint representation of SL(n).
The highest weight representations of SL(n) at higher levels are
nc = 1 nc = 2 nc = 3
λ3 λ6 λ1 + λn−8 .
(6.71)

























The decomposition of the Cartan form SE , at a given level nc is found by examining the weights.
At level nc = 0 the Cartan form SE contains the Cartan form of SL(n) at higher levels the Cartan
form SE decomposes as follows
nc = 1 nc = 2 nc = 3
SSL(n)i1i2i3 SSL(n)i1...i6 SSL(n)j,i1...i8 .
(6.73)











With the natural ordering on the levels, we find the maximum level that contributes is nc = 1 for
n = 3, 4, nc = 2 for n = 5, 6 and nc = 3 for n = 7. The SL(n) Cartan forms SSL(n) originate
from the four-form field strength Gˆµi1i2i3 at level nc = 1, the dual of the four-form field strength
at level nc = 2 and the graviphoton at level nc = 3. These Cartan forms of SL(n), arising
upon dimensional reduction, carry one d dimensional spacetime index and (3nc) internal indices.








the ~Λ1 of En into representations of SL(n) level by level, we find
nc = 0 nc = 1 nc = 2 nc = 3
λ1 λn−2 λn−5 λn−1 + λn−7.
(6.76)












− x, [λn−2]) ,( 3
nx
− 2x, [λn−5]) ,( 3
nx
− 3x, [λn−1 + λn−7]) . (6.77)
From the weights, we see that the corresponding two-form field strengths, at each level, are
nc = 0 nc = 1 nc = 2 nc = 3
F iµ1µ2 Fµ1µ2i1i2 Fµ1µ2i1...i5 Fµ1µ2i,j1...j7 .
(6.78)
The two-form field strengths appear in d ≥ 4 dimensions. In d = 11− n dimensions one finds that
all two-form field strengths, with associated level nc, satisfying the constraint n ≤ 3nc − 1 will be
present. We see that the two-form field strength at level nc = 0 arises through the dimensional
reduction of the metric and four-form at levels nc = 0, nc = 1 respectively. The two remaining
levels in the decomposition of the ~Λ1 are associated with the duals of the four-form field strength
and the graviphoton at nc = 2 and nc = 3 respectively. Since the two form field strengths in
the En lie in some representation of SL(n) at level nc in the decomposition of ~Λ





((− 3nx+ncx)ρ) = e−
9
n−ncαρ( 9−nn ). (6.79)
If we compare the multiplicative factor found through the decomposition of the ~Λ1 in the En
formulation to the corresponding factor arising in the dimensionally reduced formulation, where
the two-form field strengths carry two d dimensional indices and 3nc − 1 internal indices, and so
appear multiplied by the factor
e−ρ(2α+(3nc−1)β) = e−αρe−
9
n−ncαρ( 9−nn ), (6.80)
we find that the two-form field strengths in the dimensionally reduced M-theory formulation carry a
surplus factor of e−αρ. In the En formulation the three form field strengths lie in the representation
with highest weight ~Λn−1. One finds that the ~Λn+1 representation of En decomposes, in the
following way for n ≤ 5

















− x, [λn−4]) . (6.82)
The three form field strengths, at level nc, are
nc = 0 nc = 1
Fµ1µ2µ3i Fµ1µ2µ3i1...i4 .
(6.83)
The three form field strength occurring in the decomposition of the Λn−1 at level nc = 0 arises
from the dimensional reduction of the four-form field strength, while the other, at level nc = 1
is associated with the dual of the dimensionally reduced four-form field strength. The three form
field strengths at levels nc = 0, 1 appear in d = 6, 7 dimensions, in d = 8 only the nc = 0 three










The three form field strengths in the dimensionally reduced formulation come with three spacetime






In d = 11 − n dimensions, the Cartan forms, field strengths and curvatures lying in the En
representation may be constructed out of the dimensionally reduced Cartan forms, field strengths
and curvatures with manifest SL(n) symmetry. For example, the two form field strengths in d = 7
dimensions lie in the 10 of E4, which may be constructed out of the two-form field strengths
arising from dimensional reduction to d = 7. Namely, the graviphotons lying in the 4 and the
dimensionally reduced four-form field strength Gˆµ1µ2i1i2 lying in the 6 of SL(4). However, each
of the dimensionally reduced terms carry an additional factor of e−αρ. Therefore, any product
of Cartan forms, field strengths and curvatures, in the En formulation, reconstructed using the
appropriate dimensionally reduced terms, will be multiplied by a surplus factor of
e−(lT−2)αρ, (6.86)
where lT is the total number of derivatives in the product. This factor must be attributed to the
automorphic form in the En formulation. To leading order, we may write the automorphic form
in the En formulation as ΦEn ∼ e−
√



















We have dimensionally reduced the higher derivative terms of ten dimensional IIB theory and
deduced the weight vectors that are associated with the Cartan subalgebra fields of the En+1
symmetry. Most of these weights are accounted for once the d-dimensional theory is expressed
in terms of En+1 covariant building blocks involving the Riemann tensor, field strengths and
derivatives of the scalars. However, we also found that there was always a remaining weight. This
implies that polynomials constructed only out of the field strengths are not consistent with U-
duality in the lower dimension. On the other hand these additional weights can be accounted for
in the d dimensional theory if they are attributed to an En+1 automorphic form. In this way we
obtained constraints on the automorphic forms that occur in d-dimensions.
Carrying out this procedure we have found that the dimensional reduction of the IIB higher
derivative corrections implies that such terms in d dimensions should contain an automorphic form
involving the weight ~Λn+1, using the labeling of the Dynkin diagram of Figure 9. It is natural
to think of this as the highest weight of the representation used to construct the automorphic
form. This applies to all terms in a given dimension, although this does not mean that the same
automorphic form appears for all terms. For terms that only contain the Riemann tensor and
scalars the leading order weight can be readily deduced by counting the number of inverse metrics
required, however for more general terms we needed to perform a detailed group theory analysis.
As the constraints we find arise from considering the ten dimensional theory we are in effect
considering terms that survive the decompactification from d dimensions, that is ρ → −∞. We
have focused particularly on the terms that arise at tree level in ten dimensions. However we also
saw that the next-to-leading order contribution in ten-dimensions correctly matched that of the
d-dimensional automorphic form if the ~Λn+1 representation is used for the case of Einstein-like
automorphic forms.
This result is in agreement with the results [15, 23, 24, 27, 31–48] found so far for terms with
low numbers of spacetime derivatives in that the automorphic forms studied for these terms are
constructed from the ~Λn+1 representation. It is also natural in that the string charges belong to
the ~Λn+1 multiplet and the discrete En+1 group acts naturally on these objects.
We also performed a similar calculation from the viewpoint of eleven-dimensional M-theory.
We found that the automorphic forms should contain the weight ~Λn−1, using the type IIB labeling
of the En+1 Dynkin diagram of Figure 9. This is also natural as membrane charges belong to the
~Λn−1 representation. The automorphic forms contain combinations of weights and one would have
to find the combination of weights predicted from the M-theory viewpoint in the automorphic form
constructed from the representation with highest weight ~Λn+1 that it used in the type IIB theory.
In this way the M-theory analysis places a non-trivial constraint on the automorphic forms. In the
next chapter we will perform a similar calculation for the more complicated case of type IIA string
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theory and put forward a conjecture that reconciles the seemingly different weights of the En+1
automorphic form found upon dimensional reduction of M-theory and type IIB string theory, in
conjunction with the result found for type IIA string theory.
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7 Constraints on Type IIA Automorphic Forms
In chapter 6 we found that the dimensional reduction of higher derivative terms in the type IIB
string theory and M-theory effective actions on an n torus leads to constraints in the form of
particular weights of En+1(R) that the type IIB and M-theory En+1(Z) automorphic forms found
in d = 10− n dimensions must contain in the large volume limit of the torus. However, attempts
to derive similar constraints for the type IIA theory is complicated by the fact that the type IIA
dilaton mixes with the torus moduli upon dimensional reduction. In this chapter we use the E11
formulation of type IIA supergravity to resolve this issue and perform an analogous calculation
to that performed in chapter 6 for type IIB string theory and M-theory. In particular we will
consider the dimensional reduction of the higher derivative string corrections of the IIA theory on
an n-dimensional torus to d = 10−n dimensions. We will compare these with the higher derivative
corrections that arise in the d dimensional theory assuming that the theory is invariant under an
En+1(Z) symmetry and so possess a corresponding automorphic form built from a representation
of En+1, where the En+1 Dynkin diagram with type IIA string theory labeling is given in figure
12. This comparison allows us to also place constraints on the representation used for any higher
derivative correction.
n+ 1 n
n− 1n− 2n− 321
Figure 12: Dynkin diagram for En+1 in type IIA labeling
We show that the higher derivative terms can be written as powers of the En+1 covariant field
strengths, En+1 Cartan forms and d dimensional scalar curvatures along with additional factors
of the dilaton and volume given by e
√
2~w.~φ, where ~w is an n dimensional vector proportional to
an element of the weight lattice of En+1. For terms that arise at tree level in string perturbation
theory in ten dimensions we find ~w = s~Λn, where s = (lT − 2)/4 with lT counting the number
of derivatives and ~Λn the fundamental weight dual to ~αn (see figure 12). The observation of
chapter six and reference [28] is that these additional factors must come from an automorphic form
and therefore we conclude that the automorphic form which multiplies a given higher derivative
term involves the weight ~Λn. For Eisenstein-like automorphic forms the leading order behaviour
is given by e−
√
2s~φ.~ΛH , where ~ΛH is the highest weight of the representation used to construct
the automorphic form. Thus our results suggest that the higher derivative terms always include
an automorphic form built from a representation with highest weight ~ΛH . It is important to
note that we are considering a particular limit and other representations could also appear but be
subdominant in this limit.
In order to carry out the comparison we need to identify the fields that arise in the dimensional
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reduction from ten dimensions with the fields that occur in the formulation of the d-dimensional
theory in which the En+1(Z) symmetry is manifest, and in particular the scalar fields from which
the automorphic form is constructed. This identification can be carried out in the context of
the supergravity theories. The most obvious technique is to explicitly carry out the dimensional
reduction and reformulate the theory with the manifest En+1(Z) symmetry, but this is rather
lengthy and complicated involving dualisations and other subtleties. In this chapter we will use
the E11 formulation of the IIA theory.
In the E11 formulation the fields of the IIA theory are in one to one correspondence with the
generators of the Borel subalgebra of E11. As the E11 algebra contains in an obvious way the En+1
algebra, the correspondence between the scalar fields that appear in the non-linear realisation
of En+1 and the E11 generators is easily found. However, the correspondence between the E11
generators and the fields usually used to formulate the IIA supergravity theory is known from the
formulation of this theory as a non-linear realisation at lowest levels in E11. Thus one finds the
desired relation between the fields of the IIA theory and the scalars fields associated with En+1
in a simple way. We note that this use of E11 does not depend on the conjecture that E11 is an
underlying symmetry of the theory of strings and branes.
7.1 The Dimensional Reduction
The bosonic field content of type IIA supergravity in ten dimensions consists of a scalar (the type
IIA dilaton φ), a NS-NS three form field strength Fˆµ1µ2µ3 constructed from the NS-NS two-form
gauge field Aµ1µ2 , in addition to two R-R form field strengths Fˆµ1µ2 , Fˆµ1µ2µ3µ4 constructed from the
R-R gauge fields Aµ1 and Aµ1µ2µ3 . In Einstein frame, the bosonic part of the type IIA supergravity


























where κ10 is a constant related to the Newton constant in ten dimensions and
F˜µ1µ2 = 2∂[µ1A˜µ2], (7.2)
F˜µ1µ2µ3 = 3∂[µ1A˜µ2µ3], (7.3)
F˜µ1µ2µ3µ4 = 4
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7.1 The Dimensional Reduction
We have suppressed the Chern-Simons term since it will not play a part in our analysis. The type
IIA supergravity action possesses a GL(1, R) symmetry, that manifests itself through a shift of the
type IIA dilaton and a scaling of the other fields. One can introduce the following combinations










In fact these are just the non-linear representations of GL(1, R) constructed from the linear repre-
sentations in the usual way. They are inert, as the local subalgebra is the identity group. Rewriting
the action with these objects effectively absorbs the dilaton factors multiplying the field strengths
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− 1








We are interested in the dimensional reduction of a generic term higher derivative term which






where Φs˜ is a function of φ that is of the form Φsˆ = e
−s˜φ. Dimensional reduction on the n torus to












where the background and internal metrics are denoted gµν and Gij respectively, with the internal
metric satisfying det(G) = 1 and the constants α and β are given by equations 3.12 and 3.13.
The internal vielbein is given by ei
kej
lδkl = Gij and it also has det(e) = 1. Tangent internal
indices possess an underline as shown. The gauge fields are dimensionally reduced using the
method described in chapter three and a notation is adopted where greek letters denote d = 10−n
dimensional spacetime indices while lower case Roman letters are internal SL(n) indices.
We will be interested in the dependence of the above ten dimensional higher derivative correction
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l˜0 + l˜R + l˜1 + 5l˜2 + l˜3 + 5l˜4 − 2− 8g
)
. (7.12)
The dimensionally reduced theory will contain field strengths of the form Fµ1...µpi1...ik where
the internal indices i1, . . . , ik are world volume indices. The theory in d dimensions possess the
GL(1,R) symmetry of the IIA theory, but in addition has an SL(n,Z) symmetry corresponding
to diffeomorphisms that are preserved by the torus. We can convert the internal world indices to
tangent frame indices using the inverse internal vielbein. However, as explained in reference [28]
page 5, the internal vielbein is just the group element of the non-linear realisation of SL(n) with
local subgroup SO(n) in the vector representation. Carrying this out on the GL(1,R) inert objects
of equation (7.7) we find Fj1...jk , with any space-time indices suppressed, which converts to tangent
space as follows
FSL(n)⊗GL(1) i1...ik = (e−1)
j1
i1
...(e−1) jkik Fj1...jk ,
(7.13)
where ei
k is the vielbein on the torus and Fj1...jk transforms in the linear representation of SL(n)
with highest weight λk. Thus FSL(n)⊗GL(1) i1...ik transforms as a non-linear representation con-
structed from a linear representation in the standard way. This is consistent with the action of
the tangent space group on the vielbein. If we use tangent space internal indices then the SL(n)
symmetry will be essentially manifest as long as we construct SO(n) invariants.
If we denote the part of the group element of the non-linear realisation of SL(n) with local
subgroup SO(n) which contains the Cartan generators H of SL(n) by gSL(n) = e
H.φ
k then the
dimensionally reduced field strength FSL(n)⊗GL(1) i1...ik carries a factor of eφ.[λk] where λk is the
SL(n) representation with highest weight λk and [λk] is a weight in this representation. When
written in terms of the field strengths using equation (7.7) we also find exponential factors involv-
ing the dilaton. One can incorporate these automatically by considering the group SL(n)⊗GL(1)
with the group element gSL(n)⊗GL(1) = eφRe
H.φ
k where R is the generator of GL(1,R).
The dimensional reduction of terms containing field strengths in the IIA higher derivative theory
will lead to terms containing the object FSL(n)⊗GL(1) of equation (7.11) multiplied by exponentials
of the field ρ which arises from dimensional reduction using the ansatz of equation (7.10). The
field strength of equation (7.11) has a ρ factor given by e−kβρ. If we were to convert the space-time
world indices to tangent indices then we would also acquire a factor e−pαρ if we have p space-time
indices.
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The derivatives of the scalars, including the dilaton, are contained in the Cartan forms of
SL(n)⊗GL(1) and in particular the parts which change by a minus sign under the action of the
Cartan involution, and are denoted by SSL(n)⊗GL(1). The action of the Cartan involution on SL(n)
generators is such as to lead to SO(n) being the invariant group and on the generator R it acts
with a minus sign.
After dimensional reduction, the IIA theory including the higher derivative terms can be ex-
pressed in terms of the scalar curvature R, which is an SL(n) singlet, the SSL(n)⊗GL(1,R) part of
the Cartan forms of SL(n) ⊗ GL(1,R) and the field strengths FSL(n)⊗GL(1,R) µ1...µpi1...ik which
transform as non-linear representations of SL(n)⊗GL(1,R).
7.2 The En+1 Formulation in d Dimensions
As is well known, the type II supergravity theories in d dimensions possess an En+1 symmetry.
Their actions are bilinear in the space-time derivatives and include the Riemann curvature, and
squares of the field strength and the derivatives of the scalars. The metric, in Einstein frame,
transforms as a singlet of En+1 and therefore the Riemann curvature is invariant under En+1
transformations. The scalars belong to the non-linear realisation of En+1 with a local subgroup
Hn+1 which is the maximal compact subgroup. The latter is just the the Cartan involution in-
variant subgroup. This means that the scalars are contained in a group element gEn+1 ∈ En+1
which transforms as gEn+1 → g0gEn+1 where g0 ∈ En+1 is independent of space-time and also
gEn+1 → gEn+1h where h ∈ Hn+1 and is an arbitrary function of space-time. We can write the
Cartan subalgebra part of the group element as gEn+1 = e
~φ. ~H where ~H are the n + 1 Cartan
subalgebra generators of En+1, which we have written as a vector. The corresponding scalar fields
are written as the vector ~φ.
The non-linear realisation essentially specifies how the scalars appear in the action. In particu-
lar, the derivatives of the scalars occur as Cartan forms of En+1 in the coset directions. In terms of
our group element gEn+1 , the Cartan forms which are given by g
−1
En+1
dgEn+1 in the coset directions,
are denoted SEn+1 . When evaluated they contain the roots ~α and so are given by terms of the
form e
~φ.~α where ~α are the roots of En+1.
The gauge fields occur in the field strengths F that transform as linear representations of En+1.
However, we can convert a linear representation of En+1 into a non-linear representation using a
group element g−1En+1 . Explicitly, the non-linear representation |F〉 constructed from a linearly
realised field strength |F 〉 is given by
|FEn+1〉 = L(g−1En+1)|F 〉, (7.14)
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where L((gEn+1(ξ))
−1) is the representation with highest weight Λk. From equation (7.14) we find
that the non-linearly realised field strength |FEn+1〉 contains a dependence on the scalars ~φ which
is given by e
~φ.[~Λk] where [~Λk] is a weight in the the En+1 representation with highest weight ~Λk.
Using the same arguments, a generic higher derivative term in d dimensions can be written as
a polynomial in the Riemann curvature, the non-linearly realised field strengths and Cartan forms
SEn+1 , but it is also multiplied by a function of the scalar fields. Assuming that the higher derivative
term as a whole is invariant under an En+1 transformation implies that this non-holomorphic
function must be an En+1 automorphic form. The automorphic form is built out of a particular
representation, of En+1 with highest weight ~Λ say. We write the states of this representation
in the form |ψ〉 = ni|~µi > where |~µi > are a basis of the representation, ~µi are the weights
in the representation and ni are integers. To be more precise it is constructed out of the non-
linear representation of En+1 constructed from this representation using the scalars, that is, it is
constructed out of the function |ϕ〉, defined by
|ϕ〉 = L(g−1En+1)|ψ〉. (7.15)
It is obvious that |ϕ〉 contains terms where the scalar fields occur in the form e~φ.[~Λ]. The automor-
phic form is a function of |ϕ〉 and in the simplest cases it is of the generic form
∑
ni
< ϕ|ϕ >−s, (7.16)
for some constant s. In more complicated cases the sum over the lattice in equation (7.16) satisfies
some constraint, however the commonly studied automorphic forms constructed in this way always
contain a term with scalar field dependence given by e−
√
2s~Λ.~φ, where ~Λ is the highest weight of the
representation used to build the automorphic form. This construction is described in more detail
in reference [40] and reviewed in chapter eight. The use of integers corresponds to the fact that
the symmetry group for the higher derivative terms is discretised since the charges of the theory
obey a quantisation condition.
We will refer to the formulation of a higher derivative term in d dimensions just described as
the En+1 formulation. A term in the higher derivative effective action will contain an exponential
of the scalar fields ~φ of the form e
√
2~w·~φ where ~φ is the field we introduced earlier in this section.
Our task is to compare this with the equivalent factor that arises in the dimensional reduction.
However, in order to compare the En+1 formulation of the type IIA theory in d dimensions with
the dimensionally reduced formulation discussed in the previous section we need to know the
relationship between the fields that occur in the dimensional reduction, namely the fields φ, ρ and
φ, where φ is an n − 1-dimensional vector and those that occur in the En+1 formulation, namely
the n+ 1-dimensional ~φ. This will be given in the next section.
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7.3 The E11 Formulation
The eleven dimensional, IIA and IIB supergravity theories, as well as the maximal type II su-
pergravity theories in lower dimensions, can be formulated as non-linear realisations [66, 67]. The
non-linear realisations of the Kac-Moody algebra E11, at low levels, leads to all of these theories.
As such E11 encodes the fields of each of these theories and provides us with a way of relating the
fields in the different theories to each other. In fact the fields of these theories are in one to one
correspondence with the generators of the Borel subalgebra of E11 in the group decomposition,
explained below, appropriate to each theory.
A Kac-Moody algebra is formulated in terms of its Chevalley generators, which include those in
the Cartan subalgebra denoted by Haˆ, aˆ = 1, 2, . . . 11. As such, the E11 group element that occurs
in the non-linear realisation is of the form gE11 = e
∑
aˆ φaˆHaˆ provided we restrict our attention to
the part that is in the Cartan subalgebra.
The E11 Kac Moody algebra is encoded in the Dynkin diagram given in figure 13. The eleven
11
10987654321
Figure 13: The E11 Dynkin diagram with eleven dimensional supergravity labeling
dimensional theory emerges if we decompose the E11 algebra in terms of the algebra that results
from deleting the exceptional node labelled eleven, namely the algebra GL(11). This subalgebra
has the generators K aˆbˆ, aˆ, bˆ = 1, . . . , 11, and it includes all the Cartan subalgebra generators of
E11; the relation being [67]
Haˆ = K
aˆ




















The first ten generators being the Cartan subalgebra generators of SL(11).
The contribution of the GL(10) subgroup to the E11 group element in the non-linear realisation




where we have added the space-time translations generators Paˆ. This is known to give rise to eleven
dimensional gravity and as a result the line in the above Dynkin diagram that is from nodes one
to ten inclusive is known as the gravity line. Indeed the Cartan form for this subgroup is given by
g−1dg = dxµˆeˆµˆaˆPaˆ + (e−1de)aˆbˆK aˆbˆ. (7.19)
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It turns out that eµ
a = (eh)a
b is the eleven-dimensional vielbein.
Restricting to the Cartan subalgebra we may set the different formulations of the E11 group
element to be equal to find that
e
∑










































The full non-linear realisation of E11 leads, at low levels and with the decomposition to GL(11),
to the eleven dimensional supergravity theory. However, in this case we are interested in only the
fields associated with the Cartan subalgebra parts of the algebra, hence the above restriction.
Let us now consider the ten dimensional IIA theory which is obtained from eleven dimensions
by dimensional reduction on a circle. In this process, the diagonal components of the eleven
dimensional metric result in the diagonal components of the ten dimensional metric and a scalar
φ, which is the dilaton of the IIA theory.
In terms of the E11 formulation we obtain the IIA theory by deleting nodes ten and eleven of
the Dynkin diagram below (see figure 14) leaving us with the algebra GL(10)⊗GL(1) algebra; the
GL(10) algebra leads to ten dimensional gravity, for the same reasons as occurred above in eleven
dimensions, and the GL(1) factor leads to the IIA dilaton. The gravity line is now the horizontal
11 10
987654321
Figure 14: The E11 Dynkin diagram appropriate to type IIA supergravity
line of the Dynkin diagram of figure 14. The IIA supergravity theory emerges from the non-linear
realisation of E11 with this decomposition.
Let us denote the generators of GL(10) by Kab, a, b = 1, . . . , 10 and let R be the GL(1)
generator. These contain the generators of the Cartan subalgebra of E11. The group element in
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The tilde distinguishes the field from that in eleven dimensions. However, in terms of the Chevalley
generators in the Cartan subalgebra of E11, the group element has the same form as in eleven
dimensions, namely g = e
∑
aˆ φaˆHaˆ .
It turns out that the Cartan sub-algebra generators Haˆ of the E11 algebra and those in the
GL(10)⊗GL(1) algebra are related by [66]
Ha = K
a
































Equating the group element g in the Cartan subalgebra written in terms of the two different set












× eφ10(− 18 (K1 1+...+K9 9)+ 78K1010− 32R)eφ11(− 14 (K1 1+...+K8 8)+ 34 (K9 9+K1010)+R).
(7.24)













φ11, for 2 ≤ i < 9,













We now consider the d dimensional maximal supergravity theory. In the previous section we
dimensionally reduced the IIA theory using the ansatz of equation (7.10) to find the IIA dilaton φ
of the original theory, and the 10− d scalars φ arising from the diagonal components of the metric
Gij and the field ρ.
From the E11 perspective, the d dimensional type II supergravity theory is found by writing
the E11 Dynkin diagram in the form given in figure 15 below. Deleting node d we find the residual
algebra En+1⊗GL(d); the latter algebra leads in the non-linear realisation to d-dimensional gravity
and the former algebra is the U-duality group. Decomposing the E11 non-linear realisation into
representations of En+1⊗GL(d) we find, at low levels, the field content of the maximal supergravity
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Figure 15: The E11 Dynkin diagram appropriate to d dimensional maximal supergravity
theory in d dimensions and indeed the supergravity theory itself. We can further delete nodes ten
and eleven, corresponding to the dimensional reduction of the IIA theory, and then we find the
subalgebra GL(d)⊗SL(n)⊗GL(1)⊗GL(1), in other words the En+1 algebra has been decomposed
into SL(n) ⊗GL(1) ⊗GL(1). The SL(n) arises from the line in the Dynkin diagram from nodes
d+1 to 9 inclusive while the GL(1)⊗GL(1) factors are essentially the Cartan subalgebra elements
associated with nodes ten and eleven. Since the SL(n) algebra is part of the algebra, gravity line,
of the IIA theory we conclude that the SL(n) symmetry is the part preserved by dimensional
reduction on the n torus as discussed in section 7.1. We note that SL(n)⊗GL(1)⊗GL(1) contains
all the Cartan subalgebra elements of E11 and that one of the GL(1) factors is the GL(1) symmetry
of the IIA theory and that the two factors lead in the non-linear realisation to the fields φ and ρ.
The dimensional reduction ansatz of equation (7.10) is implemented in terms of E11 by rewriting






















Here the Kab, a, b = 1, . . . d, are the generators of the GL(d) algebra associated with d-dimensional
gravity, Kij , i, j = 1, . . . , n are the generators of SL(n)⊗GL(1) and e1 and e2 are constants. We
have put a dot on the h fields to distinguish them from the analogous fields used earlier in ten and
eleven dimensions. Taking into account the introduction of the field ρ we set
h˙d+1d+1 + h˙
d+2
d+2 + ...+ h˙
10
10 = 0. (7.27)
Introducing translation generators in d-dimensional space-time and internal space into the group
element by including the factor ex
aPa+x
iPi and computing the Cartan forms we find the terms



























Taking e1 = α, e2 = β we do indeed recover the vielbeins as they appear in the dimensional
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reduction ansatz of equation (7.10) provided we identify eµ
a = (eh˙)µ
a with the vielbein in d-
dimensional space-time and ei
j = (eh˙)i
j with the vielbein in the n-dimensional internal space.
Equation (7.27) implies that this latter vielbein satisfies the constraint det ei
j = 1 as required
in the dimensional reduction ansatz. To find equation (7.28) we have dropped various factors
involving exponentials of the trace of h as these are interpreted as det(e).
We now discuss the En+1 formulation of section 7.2 from the view point of the E11 non-linear
realisation. For simplicity we will consider only the case d ≤ 7. We saw from figure 15 that
deleting node d leads to the algebra GL(d)⊗En+1. By examining the E11 algebra one can find the
generators of GL(d)⊗En+1 in terms of those of Kab, a, b = 1, . . . , 11, Ra1a2a3 etc. One finds that
the generators of GL(d) are Kab, a, b = 1, . . . , d and the Chevalley generators Ta, a = d+ 1, . . . , 11
















































c for a, b = d + 1, . . . , 10 and R˙ = R. We note that the
generators K˙ab obey the necessary condition [K˙
a
b, Pc] = 0 for a, b = d+ 1, ..., 10 and c = 1, . . . , d.
In this last equation we have used the commutator [Kab, Pc] = −δacPb+ 12δabPc. It is straightforward
to verify that Ta = Ha, a = d + 1, . . . , 11, where these Ha are the Chevalley generators of E11
given in equation (7.17), or equivalently from the IIA viewpoint in equation (7.23). The E11 group
element written in a way that displays the GL(d)⊗En+1 decomposition required in d dimensions









a=d+1 ϕaTa . (7.30)
We have used that the GL(d) generators are Kab for a, b = 1, . . . , d and denoted the En+1 fields
by ϕa for a = d+ 1, . . . , 11.
We can now equate the two different ways of expressing the E11 group element given in equations
(7.26) and (7.29), that is the one that implements the dimensional reduction from the IIA theory
to the one that has the GL(d)⊗En+1 decomposition in d dimensions. Using equations (7.29) and
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× eϕ10(− 18 (Kd+1d+1+...+K9 9)+ 78K1010− 32R)eϕ11(− 14 (Kd+1d+1+...+K8 8)+ 34 (K9 9+K1010)+R).
(7.31)
Equating the coefficients of the generators we find the relations










































d+2 + ...+ h˙
i
i + (n− 10 + i)
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In this section we have formulated the E11 algebra in terms of the Chevalley generators, in
particular the Cartan subalgebra generators Ha , a = 1, . . . , 11, however, in section 7.2 we used
the Cartan-Weyl basis with generators Hi, i = 1, . . . , 11. The advantage of the latter basis is that
acting on a state |~Λ > of weight ~Λi, the generators Hi, almost by definition, read off the weight i.e.
Hi|Λ >= Λi|~Λ >. The two sets of generators are related by αiaHi = Ha where ~αa are the simple
roots and αia is the i’th component. If we denote the fields in the Cartan-Weyl basis by ϕ˜a. The
corresponding fields are related by ϕ˜iHi = ϕ
aHa which implies the relation
ϕ˜i = ϕaαia. (7.34)
In addition, the fields in the E11 group element ϕ˜i are equal to those in the automorphic form ϕi,
up to a numerical factor. We see, through comparing the normalisations of the fields in the the
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E11 group element e
∑
















Using equation (D.15) of appendix and equation (7.34) we then find that the components of the
E11 group element fields ϕ˜i in Cartan-Weyl Basis are




















































7.4 Constraints on the Automorphic Forms
In this section we will compare the En+1 formulation in d dimensions given in section 7.2 with
the results of section 7.1 found by dimensionally reducing the IIA theory in ten dimensions and
find constraints on the automorphic forms. In order to carry out the comparison we will use the
field relations of the last section. The field strengths occurred in the En+1 formulation as the
non-linear representations FEn+1 given in equation (7.14) while the derivatives of the scalars occur
in the Cartan forms SEn+1 . These are constructed using the group element gEn+1 , however, this is
just the E11 group element restricted to lie in the subalgebra En+1 and it is given below equation
(7.28). We noted that if one deletes nodes 10 and 11 in the E11 Dynkin diagram the En+1 algebra
is reduced to SL(n)×GL(1)×GL(1).
In the dimensional reduction of the IIA theory we found a manifest SL(n)⊗GL(1) symmetry;
the first factor arises from the diffeomorphisms preserved by the torus while the second factor is
the GL(1) symmetry of the IIA theory in ten dimensions. As such, the field strengths that ap-
pear in the dimensional reduction could be expressed in terms of the non-linear representation of
SL(n)⊗GL(1) denoted by FSL(n)⊗GL(1) and the derivatives of the scalars in terms of the Cartan
forms SSL(n)⊗GL(1).
Deleting nodes ten and eleven of the Dynkin diagram of figure 15 we find that En+1 decomposes
into SL(n)⊗GL(1)⊗GL(1) and one can carry out the decomposition of the non-linear represen-
tations that occur in the En+1 formulation. Clearly, the non-linear representation of the field
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strengths FEn+1 will decompose into the non-linear representations FSL(n)⊗GL(1) with appropriate
factors corresponding to the additional GL(1). The same discussion applies to the derivative of the
scalars which appear in SEn+1 and SSL(n)⊗GL(1). Given a particular term in the higher derivative
effective action the SL(n)⊗GL(1) parts will automatically agree and it is with the comparison of
the GL(1) factors that we find non-trivial results.
It would be instructive to systematically carry out the decomposition of En+1 formulation when
decomposed to SL(n)×GL(1)×GL(1), but for our present purposes it suffices to carry it out for
the generators that belong to the Cartan subalgebra. With this restriction the group element of
En+1 is given, below equation (7.28), by gEn+1 = e
∑
aHaϕ˙a , but an equivalent formulation, in terms
of the field variables associated with dimensional reduction, is given in equation (7.31). Matching
these we found in equations (7.32) and (7.33) how the fields ϕ˙a, a = d + 1, . . . , 11 correspond
to the fields hd+1d+1, ..., h
10
10, ρ and φ found in the dimensional reduction of the IIA theory. The
additional GL(1)⊗GL(1) group found in the reduction then corresponds to the Cartan subalgebra
generators H10 and H11 or from the dimensional reduction viewpoint to the fields ρ and φ.
We now consider the decomposition in more detail. One may write any root of En+1 in terms
of its simple roots:









+mc (0, y, 0)− ~λ (7.39)
where ~λ = mcλn−2 + ncλn−1 −
∑n−1
i=1 ki~αi. The roots of En+1 are labelled by the integers mc, nc
which are referred to as the levels. If a representation of SL(n) occurs in the decomposition of the
adjoint representation of En+1 then its highest weight must appear on the right-hand side as one
of the λ’s. We can examine which representations occur level by level. At level nc = mc = 0 one
obviously finds the adjoint representation of SL(n). At higher levels the highest weights, and so
representations, of SL(n) that occur are given in the table below
mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 2, nc = 1
λ2 λ1 λ3 0
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α1 + ...+ αn−1
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The Cartan form SEn+1 belongs to the adjoint representation of En+1 and at level mc = nc = 0
decompose into the Cartan forms of SL(n). Using the decomposition of equation (7.41) we see
that at higher levels they decompose as follows
mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 2, nc = 1
SSL(n)i1i2 SSL(n)i SSL(n)i1i2i3 SSL(n)i1i2...in
mc = 3, nc = 1 mc = 2, nc = 2 mc = 3, nc = 2
SSL(n)i1i2...in SSL(n)i1...i6 SSL(n)i.
(7.42)





. Under the decomposition we find the SL(n) ⊗ GL(1) Cartan forms SSL(n)⊗GL(1)
and exponentials in ρ. Using equations (7.36)-(7.38), (D.15) and (D.18) we find that the latter




We now consider the terms that result from the dimensional reduction from the IIA theory
using the discussion of section 7.1. The ten dimensional origins of the decomposition of the
adjoint representation of En+1 at each level may be found by examining the SL(n) and space-
time index structure. In particular,we see that the SL(n) ⊗ GL(1) Cartan forms SSL(n)⊗GL(1)
at levels (mc = 0, nc = 1), (mc = 1, nc = 0) and (mc = 1, nc = 1) come from the dimensional
reduction of the two-form field strength F˜ai1i2 , three form field strength F˜ai1i2i3 and four-form
field strength F˜ai1i2i3i4 respectively. The Cartan forms, at higher levels, are associated with
the dimensional reduction of the dualised two, three and four-form fields strengths for levels
(mc = 3, nc = 1), (mc = 2, nc = 2) and (mc = 2, nc = 1) respectively, along with the dualised
graviphoton at level (mc = 3, nc = 2). We note that the dualised four-form only appears as a
Cartan form of SL(n)⊗GL(1) in d = 5, while the dualised three form is only present as a Cartan
form of SL(n)⊗GL(1) in d = 4. While the dualised graviphoton is a Cartan form of SL(n)⊗GL(1)
only in d = 3 and we also find the dualised two-form is also realised as a Cartan form of SL(n).
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The Cartan forms of SL(n)⊗GL(1), arising upon dimensional reduction, carry one d dimensional
space-time index and (2mc + nc) internal indices. Therefore, each Cartan form of SL(n)⊗GL(1),




Comparing with the result, given in equation (7.43), of the En+1 formulation we find a surplus
factor of e−αρ multiplying the dimensionally reduced term. We note that the factors involving φ
and φ will match automatically.
To treat the other building blocks in the same way we must learn how to decompose more
general representations of En+1 into those of SL(n) × GL(1) × GL(1). To do this we use the
technique of reference [74]. If one wants to consider the representation of En+1 with highest weight
Λi, associated with the node labeled i, we add a new node, denoted ?, to the En+1 Dynkin diagram
which is connected to the node labeled i by a single line to construct the Dynkin diagram for an
enlarged algebra of rank n+ 2. Deleting the ?-node we recover the En+1 Dynkin diagram and the
representation of En+1 with highest weight Λi is found in the adjoint representation of the enlarged
algebra provided we keep only contributions at level n? = 1. Thus we find the decomposition of
the representation of En+1 with highest weight Λi into representations of SL(n)×GL(1)×GL(1)
by decomposing the adjoint representation of the enlarged algebra but deleting the additional node
and keeping only contributions with n? = 1 and deleting nodes 10 and 11 but keeping all levels of
mc and nc.
In the En+1 formulation of the effective action in d dimensions, the one-form gauge field, out
of which the two-form field strengths are constructed, appear in the representation with highest
weight ~Λ1. The ~Λ1 representation of En+1 may be decomposed into representations of SL(n), with
an associated type IIA dilaton weight, level by level. At level (mc, nc) one finds
mc = 0, nc = 0 mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1
λ1 λn−1 0 λn−2
mc = 2, nc = 1 mc = 2, nc = 2 mc = 3, nc = 1 mc = 3, nc = 2
λn−4 λn−5 λn−6 λn−1.
(7.45)
















































































From the weights, we see that the corresponding two-form field strengths, at each level, are
mc = 0, nc = 0 mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1
F ia1a2 Fa1a2i Fa1a2 Fa1a2i1i2
mc = 2, nc = 1 mc = 2, nc = 2 mc = 3, nc = 1 mc = 3, nc = 2
Fa1a2i1...i4 Fa1a2i1...i5 Fa1a2i1...in Fa1a2i.
(7.52)
After dualisation, any two-form field strength will appear as a one-form field strength in d = 3
dimensions therefore we only need to consider two-form field strengths in d ≥ 4 dimensions. One
finds the maximum level that contributes is (mc = 3, nc = 2), in the remaining dimensions any
level (mc, nc) listed in the above decomposition will appear in d dimensions if (2mc + nc − 1) ≤ n.
The two-form field strength at level (mc, nc) arises through the dimensional reduction of the met-
ric at level (0, 0), three-form field strength at level (1, 0), two-form field strength at level (0, 1) and
four-form field strength at level (1, 1). The higher levels in the decomposition of the representation
with highest weight ~Λ1 are associated with the dimensional reduction of the dualised field strengths
and the graviphoton.
A two-form field strength in some representation of SL(n) at level (mc, nc) in the En+1 for-
mulation of the IIA theory appears multiplied by the factor
e−
8
nαρ−(2mc+nc)( 8−nn )αρ, (7.53)
where the factors associated with SL(n) fields φ and the IIA dilaton φ match those found upon
dimensional reduction. Comparing the volume with the dimensionally reduced two-form field
strengths, which carry two d dimensional indices and 2mc + nc − 1 internal indices and as a result
appear multiplied by the factor
e−ρ(2α+(2mc+nc−1)β) = e−αρe−
8
n−(2mc+nc)( 8−nn )αρ, (7.54)
we find that the two-form field strengths in the dimensionally reduced type IIA effective action
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carry an additional factor of e−αρ.
Three-form field strengths appear in the type IIA effective action in d ≥ 6 dimensions. In
the En+1 formulation, the two-form gauge fields, from which the three-form field strengths are
constructed, lie in the representation with highest weight ~Λn. The ~Λn representation decomposes
into representations of SL(n) with an associated type IIA dilaton weight, at level (mc, nc), in the
following way
mc = 0, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 1, nc = 2
0 λn−1 λn−3 0.
(7.55)






























The three-form field strengths, at level (mc, nc), are
mc = 0, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 1, nc = 2
Fa1a2a3 Fa1a2a3i Fa1a2i1i2i3 Fa1a2a3 .
(7.58)
Any three-form may be dualised to a lower degree form in d ≤ 5, therefore we need only consider
three-form field strengths for n ≤ 4. For n = 4 all of the three-form field strengths listed above are
present. For n < 4 a three-form field strength, at level (mc, nc), will be present if (2mc + nc ≤ n).
The origin of the three-form field strengths is clear, the three-form field strength at level (0, 0) is the
dimensionally reduced three-form field strength, while the three-form field strength at level (0, 1)
is the dimensionally reduced four-form field strength. The remaining two levels are associated with
the duals of the dimensionally reduced three and four-form field strengths. The decomposition of
the representation of En+1 with highest weight ~Λn, at level (mc, nc), leads to the En+1 formulation




again, we find the factors involving the IIA dilaton φ and the SL(n) fields φ agree with the
dimensionally reduced formulation. However, the three-form field strengths in the dimensionally
reduced formulation come with three space-time indices and 2mc + nc internal indices, therefore






Comparing the ρ factor of the En+1 formulation and the dimensionally reduced formulation, one
finds that the three-form field strengths in the dimensionally reduced effective action of the type
IIA theory carry an additional factor of e−αρ. The four-form field strengths, which only exist in
d ≥ 8 space-time dimensions follow the same pattern, with the dimensionally reduced formulation
containing an additional factor of e−αρ when compared to the En+1 formulation of the effective
action in d dimensions. Thus, one finds that the surplus weight of any Cartan form or field
strength in the dimensionally reduced formulation of the effective action of the type IIA theory
in d dimensions contains an additional factor of e−αρ when compared to the En+1 formulation
in d dimensions. The dimensionally reduced theory also carries a factor of e−s˜φ from the ten
dimensional automorphic form, where s˜ is given in equation (7.12) and is fixed by demanding that,
upon transforming to string frame, any term carries a factor of eφ(2g−2) arising from a perturbative
expansion in the ten dimensional IIA string coupling constant gs = e
φ at order g.
Therefore, we find that the dimensionally reduced theory, when compared to the corresponding
product of Cartan forms and field strengths in the En+1 formulation, comes with a surplus factor
of
e−(lT−2)αρ−s˜φ. (7.61)
where lT = l˜0 + l˜R + l˜1 + l˜2 + l˜3 + l˜4 is the total number of derivatives and s˜ is given in equation
(7.12). This factor must be attributed to the automorphic form in the En+1 formulation which
has leading order contribution e−
√
2~Λφ·~φ . Therefore, if we define ~Λφ to be the highest weight of




























where lRR = l˜2 + l˜4 is the number of R-R fields in a given term.
For a pure NS-NS term at g = 0, (i.e. setting l2=l4 and g = 0) the leading order contribution







Therefore a pure NS-NS higher derivative term in d = 10− n dimensions at g = 0 should contain







In this chapter we have carried out the dimensional reduction of the higher derivative corrections
to the effective action of type IIA string theory and found that the En+1 automorphic forms that
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appear as coefficients of the terms in the effective action in d = 10 − n dimensions must contain
the fundamental weight Λn associated with node n of the En+1 Dynkin diagram of figure 12;
this corresponds to node ten in the E11 Dynkin diagram of figure 14. The well understood En+1
automorphic forms that appear in string theory are constructed using a given representation of
En+1; the reader may, for example, consult the explicit construction of these objects given in [40].
As such, the result of this chapter strongly suggests that the automorphic forms that occur in string
theory are constructed from the representation with highest weight ~Λn. More precisely, it implies
that if the coefficient of the higher derivative term is a sum of automorphic forms then one of them
should be constructed from the highest weight ~Λn as it could happen that the other automorphic
forms do not occur in the dimensional reduction from the IIA theory in ten dimensions. A similar
analysis from the IIB perspective gave the same result namely that the automorphic form contains
the weight ~Λn [28]. However, from the M theory perspective, that is from eleven dimensions, a
similar analysis found that the automorphic form contains the highest weight ~Λn+1 which in the E11
Dynkin diagram of figure 14 corresponds to node eleven [28]. This result only applies to terms that
occur in the eleven dimensional theory. The calculation of this chapter, and that of reference [28]
also determines the parameter s of equation (7.16) that occurs in the automorphic form; for the
IIA and IIB theories we find that s = lT−24 , while for M theory we find that s =
lT−2
6 where lT is
the number of space-time derivatives in the term in the effective action being considered.
We will now consider if the results just mentioned actually agree with the known results in
type II string theory. For low numbers of space-time derivatives there are precise proposals for the
automorphic forms that occur and their properties have been checked against the known features
of the perturbation expansions of the type II strings [40, 45–47]. One finds for the R4 term in
d ≤ 7 that the En+1 automorphic form is built from the representation with highest weight ~Λn and
has s = 32 . This is completely consistent with the results found from the IIA and IIB viewpoints.
For the ∂4R4, or equivalently R6, term in d ≤ 7 the En+1 automorphic form is also built from
the representation with highest weight ~Λn and has s =
5
2 . However, in d = 7 dimensions the
coefficient of this term is in fact a sum of two E4 = SL(5) automorphic terms [45–47], in addition
to an automorphic form constructed from the 5 of SL(5), with s = 52 one finds an automorphic
form built from the 10 of SL(5) with s = 52 . Similarly, in d = 6 dimensions the coefficient of
the ∂4R4 term is the sum of an automorphic form constructed from the 10 of SO(5, 5), with
s = 52 and another automorphic form built from the 16-dimensional representation of SO(5, 5)
with s = 3. As these additional automorphic forms disappear in the limits being considered the
known automorphic forms for the ∂4R4 term are also consistent with the results found from the
dimensional reduction of the type IIA and type IIB theories.
However, dimensional reduction of the higher derivative correction of the eleven dimensional
theory [28] suggests that the automorphic forms are constructed from the representation with
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highest weight ~Λn+1. At first sight this is inconsistent with the automorphic forms that are known
to be present. However, in seven dimensions, i.e. for SL(5), for the R4 term this would imply in
particular that the automorphic form constructed from the 5 of SL(5) with s = 32 is proportional to
the automorphic form constructed from the 5 of SL(5) with s = 1. In fact this relation follows from
the observation that an automorphic form constructed from a given representation and another
automorphic form constructed from the corresponding Cartan involution twisted representation
are related by two suitable values of s [40]. The same holds for the automorphic forms associated
with the R4 terms in lower dimensions as one knows [47] that the automorphic form constructed
from the representation of En+1 with highest weight ~Λn and s =
3






the automorphic form constructed from the representation of En+1 with highest weight ~Λn+1 and
s = 1, i.e Φ
En+1
Λn+1;1







Some examples of relationships of this type were also found in reference [37]. Consequently, the
known automorphic forms that occur for the R4 term are also in agreement with the prediction
from the M theory viewpoint. However, one can not apply the M theory results to the R6 term
as this term does not occur in the higher derivative effective action in eleven dimensions and so
is not included in the analysis from the M theory viewpoint given in [28]. Indeed, the only terms
that occur in eleven dimensions that involve, for example, the Riemann curvature are of the form
R3n+1, for n a positive integer.
Given the above discussion, it is tempting to suppose the following
• The automorphic forms that occur as coefficients of the higher derivative terms in the string
theory effective action must contain an automorphic form constructed from the Λn represen-
tation of En+1.
• The automorphic forms that occur in string theory and built from the Λn representation of
En+1 are the same as the automorphic forms built from the Λn+1 representation of En+1 up
to a numerical factor.
The first statement is phrased so as to allow for the possibility that the coefficient is a sum of
automorphic forms one or more of which may disappear in the limit. The second statement only
applies to automorphic forms of higher derivative terms that occur in eleven dimensions.
The automorphic forms that are used in the recent work of [45–47] are those that appear in the
work of Langlands, and they are eigenfunctions of the Laplacian and the higher Casimir operators
of En+1. The automorphic forms constructed in equation (7.16) are not in general eigenfunctions of
these operators. However, one can impose constraints on the representations used to construct the
automorphic forms and they then do become eigenfunctions of the Laplacian and higher Casimir
operators. This has been worked out explicitly for the case of six dimensions, i.e. for SO(5, 5)
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with the ten dimensional vector representation where the constraint is that the length squared
of this vector vanish. Indeed only if this constraint is implemented is the perturbation series in
agreement with that found in string theory; this part of the automorphic form has been checked
in detail to agree with the SO(5, 5) Langlands automorphic form for this representation [40].
It remains, however, to carry out the analogue of this construction for the higher rank groups
and representations. It is interesting to note that at least the constant part of the Langlands
automorphic forms can be written as a sum of the Weyl group and this, being a rotation, preserves
the lengths of vectors and those vectors that do occur must belong to a single orbit. As such, it is
likely that the Langlands automorphic forms will involve constraints on the representations used
and will agree with the automorphic forms of equation (7.16) once one imposes the appropriate
constraints.
As we have mentioned, the detailed studies of the automorphic forms in the effective actions
of type IIA/B string theory and M-theory have only concerned terms which have low numbers of
space-time derivatives. However, it is known that the automorphic forms that occur as coefficients
of the higher derivative terms in ten dimensions that have more than twelve space-time derivatives,
are not eigenvalues of the Laplacian and so they can not be the Eisenstein automorphic forms found
say in the Langlands papers [47]. As a result the automorphic forms that occur for these higher
derivative terms are essentially unknown. This chapter and reference [28] puts some constraints
on these objects. We have tacitly assumed that all of the automorphic forms that appear as the
coefficient functions of the higher derivative terms are constructed from a representation of En+1.
Although the form of equation (7.16) may not be correct in general, even with constraints, the
automorphic forms will still have a dominant behaviour of the form e−swφ in the limit studied in
this chapter, so they will contain a parameter s.
We will now comment on the significance of the representations that occur in the automorphic
forms. The brane charges of type II string theory in d-dimensions belong to representations of
En+1. In fact, there is very substantial evidence to believe that all brane charges belong to the l1
representation of E11 [73, 75–77]. Carrying out the decomposition of the l1 representation we find
the brane charges in d dimensions; they are listed in table 3 [75–77]. The first entries of the table
agree with that found earlier using U duality transformations [86]. Examining the table we find
that the string charges, i.e Za, are in the Λn representation, the membrane charges, i.e Z
ab, are in
the Λn+1 representation and the point particle charges, i.e Z, are in the Λ1 representation. Thus
the above propositions can be expressed as
• The automorphic forms that occur as coefficients of the higher derivative terms in the string
theory effective action are constructed from the the string charge representation. We may
very generically write these automorphic forms as Φstring.
• The automorphic forms that occur in string theory built from the string charge representation
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are the same as the automorphic forms built from the membrane charge representation, up
to a numerical factor. We may very generically write this as Φstring = Φmembrane.
d G Z Za Za1a2 Za1a2a3 Za1...a4 Za1...a5 Za1...a6 Za1...a7





7 SL(5) 10 5 5 10 24 40 70 -
1 15 50 -
10 45 -
5 -
6 SO(5, 5) 16 10 16 45 144 320 - -
1 16 126 - -
120 - -
5 E6 16 27 78 351 1728 - - -
1 27 351 - - -
27 - - -
4 E7 56 133 912 8645 - - - -
1 56 1539 - - - -
133 - - - -
1 - - - -
3 E8 248 3875 147250 - - - - -
1 248 30380 - - - - -
1 3875 - - - - -
248 - - - - -
1 - - - - -
Table 3: The brane charge representations of the group G derived from the l1 representation of
E11 [75–77]
As before the latter proposition only applies to the terms that have an eleven-dimensional
origin. It is of course very natural that the string and membrane charge representations found in
the automorphic forms arise from the dimensional reduction of the ten dimensional IIA and IIB
string theories and the eleven dimensional theory respectively.
It was also observed in reference [47] that the automorphic form for the R4 term are related to






















for n = 4, 5, 6, 7.




• The automorphic forms that occur in string theory are built from the string charge represen-
tation are the same as the automorphic forms built from the point charge representation up
to a numerical factor. We may generically write this as Φstring = Φpoint.
For the case of d = 7 with the group SL(5) this would require that the automorphic forms con-
structed from the 5 and 10 representations were the same for appropriate representations. In
fact the automorphic forms constructed by Langlands for the two representations ~Λ and ~Λ′ are
proportional if the vectors ~λ = 2s~Λ − ~ρ and ~λ′ = 2s′~Λ′ − ρ are related by a Weyl reflection. The
Weyl vector ~ρ can be written as ~ρ =
∑
a
~Λa where ~Λa are the fundamental weights. For our case
we should take ~Λ = ~Λ3 and ~Λ
′ = ~Λ1. Since Weyl reflections are rotations they preserve the length
squared and one finds that ~λ.~λ = ~λ′.~λ′ for s = 32 if s
′ = 2 or s′ = 12 and for s =
5
2 if s
′ = 52 . Indeed
one can show that for s = 32 and s
′ = 12 and also for s =
5
2 = s
′ there is a Weyl reflection of the
required kind and so the relations of equations (7.65) and (7.66) do extend to the case of n = 3 are
required. This is most easily found by writing the vectors ~λ and ~λ′ in terms of the orthonormal
basis ~ea, a = 1, 2, 3, 4, 5 in terms of which the simple roots take the form ~αa = ~ea − ~ea+1. As Weyl
reflections permute the ~ea basis it is straightforward to see if the two vectors are related by a Weyl
reflection.
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8 Construction and Evaluation of an Automorphic Form
This chapter reviews the construction of a class of automorphic forms presented in reference [40].
Although, it is not clear which automorphic forms have a role to play in the effective action of type
IIA/B string theory and M-theory, the class of Eisenstein-like automorphic forms we will describe
has been argued to appear as the coefficient function of the R4 and ∂4R4 terms in the effective
action of type IIB string theory in d ≥ 7 dimensions [15, 28, 29, 33–36, 39, 40, 45–48]. Suitably
constrained versions of these automorphic forms are also expected to be the coefficient functions of
the R4 and ∂4R4 terms for d < 7 [28,29,37,40,45–48]. We refer to the class of automorphic forms
described in this chapter as Eisenstein-like automorphic forms, since the term Eisenstein series is
often reserved for automorphic forms that are Eigenfunctions of the Laplacian on the G/H moduli
space, where G is the symmetry group of the automorphic form and H is the maximal compact
subgroup of G. Although in some instances Eisenstein-like automorphic forms reduce to Eisenstein
series, this is discussed further in section 8.2.
Reference [40] examined the automorphic forms constructed from the representation of En+1(R)
with highest weight ~Λn+1, based on the results found in reference [28] and presented in chapter
6, after explaining the construction of this class of automorphic forms we will present an analysis
of automorphic forms constructed from several other representations of En+1(R) not examined
in reference [40]. In particular the perturbative parts of the automorphic forms constructed from
different representations of En+1(R) are analysed to investigate the possibility of these automorphic
forms appearing as the coefficient function of a higher order term in the effective action of type
IIB string theory in d = 10− n dimensions.
8.1 Construction and Evaluation of Unconstrained Eisenstein-like Au-
tomorphic Forms
We begin the construction of our Eisenstein-like automorphic forms by taking a linear represen-
tation of En+1(Z) with highest weight ~µ1 and dimension N . A state |ψ > in this representation
may be expanded in terms of the N states |~µi > with weight ~µi that provide a basis for the N




mi|~µi > , (8.1)
where mi ∈ Z. The coefficients mi of the states |~µi > therefore lie in a lattice Λ defined by
Λ = {(m1,m2, ...,mN ) : mi ∈ Z for i = 1, ..., N and mi 6= 0 for all i} , (8.2)
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one then has a weight lattice of states of the form
∑
imi|~µi > for mi ∈ Λ. As described in appendix
(B.3), any linear representation of a group G carried by a state |ψ > in the representation space
of G may be transformed to a state |ϕ > transforming as a non-linear representation of G under
the maximal compact subgroup H by taking










~α>0 χ~αE~α |~µi >, (8.3)
where g(ξ) ∈ G/H, L is a representation of G and we have used the Iwasawa decomposition to
express the coset element in terms of a choice of Cartan subalgebra of G with basis elements ~H and
a set of positive root generators E~α. From a state < ψDτ |, expanded in terms of states < ~µi| with
weight ~µi and transforming under the Cartan twisted dual representation of G, we may similarly
construct a state < ϕτD| transforming as a non-linear representation of G by defining












where τ is the Cartan involution defined in equation (B.42). An invariant automorphic form Φ




F (u(ξ)) , (8.5)
where Λ is the N dimensional lattice of integers mi with the origin removed and F is a function
of u(ξ), which is defined by,
u(ξ) =< ϕτD|ϕ >




















The function u(ξ) transforms under G in the following way
u(ξ)→ U(g0)u(ξ) = u(g0 · ξ′) . (8.7)
Now, the claim is that the automorphic form Φ as a function F of u is invariant under global
transformations U(g0) ∈ G(Z). To see this, one observes that a U(g0) transformation of the state
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|ψ > contained in u is equivalent to a redefinition of the integer coefficients mi of the states |µi >
in the expansion of |ψ > it then follows that since all lattice states of the form (m1,m2, ...,mn)
are summed over in the automorphic form Φ we must have that Φ itself is invariant under a U(g0)
transformation. The case we are concerned with in this section is that where the function F is of
the form
F (u) = u−s, (8.8)







The sum over the lattice Λ is convergent for s > N2 , the reader is referred to reference [40] for
further discussion on the convergence properties of Φ.
So, we have an automorphic form Φ constructed out of a representation of a group G. Clearly,
we will take G = En+1(R) then H is the Cartan involution invariant subgroup of En+1(R) and the
automorphic form Φ is invariant under transformations by group elements in En+1(Z). However,
one has to work a little harder to extract the relevant information from this automorphic form.
Specifically, we are interested in splitting the automorphic form into its perturbative and non-
perturbative parts.
Examining the non-linearly realised state |ϕ > constructed from some representation of En+1(R)










~α χ~αE~α |~µi >, (8.10)
where ~H = (H1, H2, ...,Hn+1) is an n + 1 vector containing the basis elements Hi of the Cartan
subalgebra En+1(R) in the representation with highest weight ~µ1 and E~α are the corresponding
positive root generators. The action of the positive root generators on the states |~µi > is given in
appendix B.2.5, one has
L(E~α)|~µi >= c~αi|~µi + ~α > , (8.11)
for some constant c~αi . Therefore the action of the positive root generator part of the group element
L(g) on the states |~µi > is
L(e−
∑
~α χ~αE~α) = |~µi > −
∑
j
χ˜ij |~µj >, (8.12)
where χ˜ij are polynomials in the fields χi. The fields χ˜ij may be evaluated explicitly by taking










8.1 Construction and Evaluation of Unconstrained Eisenstein-like Automorphic Forms
role of the normalising factor, one then has













χ~α1 . . . χ~αn < ~µ
k|L(E~α1 . . . E~αn)|~µi >
= c~αkiiχ~αki + Poly(χ~β , 0 <
~β < ~αki),
(8.13)
where the ~αki is a sum of simple roots satisfying ~αki = ~µ
k − ~µi and Poly is a polynomial in the
fields χ~β that appear as the parameter for positive root generators Eβ such that 0 <
~β < ~αki.





































 e 1√2 ~φ·~µi |~µi >,
(8.14)
where in the last line the sum over i has been rearranged. Therefore, in terms of the fields ~φ and







where the fields χ~α that act as the parameters for the positive root generators E~α feature in this






One may observe that χ˜j only contains lattice points mk that appear as the coefficients of states
|~µk > lower in the weight string than ~µj , i.e., χ˜j does not depend on lattice points mk such that
j < k. Clearly one of the constants ωi and c~αi in u may be fixed by scaling the states of the
representation of En+1(R). We will take the convention of [40] and choose ωi = 1, the constants
c~αi may then be determined through the Lie algebra relations.
Returning to the automorphic form Φ constructed from u in (8.15) and rewriting Φ using
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The sum over the lattice Λ may then be split into a sum over m1 6= 0 and all other mk = 0 and
another sum over m1 including zero, in addition to all mk, for k > 1, except the lattice points





































where Λ1 is the N − 1 dimensional lattice spanned by m2, ...,mN ∈ Z, excluding the origin and







The first sum in (8.18) may be evaluated with equations (A.2) and (A.3), while in the second sum,

































It is now possible to write down a recursion relation by defining Φs = Φ
N
s and splitting the
summation over mˆ1 and the lattice Λ1 into a sum over Λ1 with mˆ1 = 0 and another sum over Λ1









































































The automorphic form ΦN−1s−1/2 on the right hand side of the above equation is of identical form to
ΦNs except that it is constructed from the N − 1 states |~µk >, k = 2, ..., N and the value of s is
shifted. In addition, the Bessel function integral formula (A.4) may be used to express the function
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s p + Φ
N
s np, (8.23)
where ΦNs p is the perturbative part of the automorphic form and Φ
N
s np is the non-perturbative
part. We see that
ΦNs np = Υ
N
s , (8.24)
since Ks−1/2(x) ∼ e−x is exponentially suppressed in the large x limit. It then follows that the
perturbative part of the automorphic form is given by


























































































where Φp and Φnp are the complete perturbative and non-perturbative parts of the automorphic
form, respectively, and one may write
Φ = Φp + Φnp . (8.28)
Note that the perturbative part Φp of the automorphic form Φ is independent of the fields χ~α and
is therefore, in a sense, completely perturbative. In chapter nine we will examine an alternative
definition of the perturbative part of the automorphic form defined by taking the weak coupling
limit of the d dimensional effective coupling gd that retains some dependence on the axionic fields
χ~α.
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8.2 Constrained Eisenstein-like Automorphic Forms
The coefficient functions for the R4, ∂4R4 and ∂6R4 terms in the effective action of type IIB string
theory in d = 10 − n dimensions are constrained by supersymmetry to satisfy a set of Poisson
equations on the En+1/H moduli space [45,46] which are given by,(





R4 = 6piδd−8,0 (8.29)
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∂4R4 = 40ζ (2)piδd−7,0 (8.30)(











+ 120ζ (3)piδd−6,0 (8.31)
where ∆d is the Laplacian on the En+1/H moduli space, Z(d) is the d dimensional coefficient func-
tion of the higher derivative term indicated in the subscript and ζ is the Riemann zeta function.
In general the Eisenstein-like automorphic forms constructed in section 8.1 are not eigenfunc-
tions of the Laplacian and do not satisfy the Poisson equations of the coefficient functions of the
R4, ∂4R4 and ∂6R4 terms. The coefficient function of the R4 term in ten dimensions is the SL(2)
Eisenstein series (1.2) which may be constructed in the manner described in the previous section
and does indeed satisfy the required Laplace equation on the SL(2,R)/SO(2,R) moduli space.
The coefficient functions of the R4 terms in d = 7, d = 8 and d = 9 dimensions may similarly be
constructed in this way, although in d = 8 and d = 9 dimensions a sum of En+1 automorphic forms
are required to satisfy the Laplace equation on the En+1/H moduli space. However, the coefficient
function of the R4 term in d < 7 dimensions satisfies a Poisson equation that is not immediately
satisfied by the Eisenstein-like automorphic form described in the previous section. Instead, in
d = 6 dimensions, the Eisenstein-like SO(5, 5) automorphic form satisfies the Poisson equation of
the R4 coefficient function on the SO(5, 5) moduli space only once one implements a constraint on
the SO(5, 5) lattice, as first described in reference [37] and evaluated in [40]. It is believed that
similar constraints must be imposed for the Eisenstein-like En+1 automorphic forms to satisfy the
required Poisson equations of the coefficient function of the R4 term on the En+1/H moduli space,
but as yet the coefficient functions of the R4 terms in d < 6 dimensions have not been constructed
and evaluated in this way. Eisenstein-like automorphic forms require similar constraints to be the
coefficient functions of the ∂4R4 term in d ≤ 7 dimensions. Different constraints are likely to be
necessary for the Eisenstein-like automorphic forms to appear as the coefficient function of the
∂6R4 term which satisfies a more complicated Poisson equation.
The coefficient functions of the R4, ∂4R4 and ∂6R4 terms given in references [45–47] that satisfy
the required Poisson equations are built from the Langlands construction of an automorphic form.
The Langlands construction of an automorphic form and the construction of an automorphic form
given in section (8.1) are known to give rise to equivalent automorphic forms in certain instances
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and it is thought that, with suitable constraints, Eisenstein-like automorphic forms will be equiv-
alent to the Langlands automorphic forms appearing as the coefficient functions of the R4, ∂4R4
and ∂6R4 terms in references [45–47] .
The terms in the effective action of type IIB string theory in d = 10− n dimensions at higher
orders than the ∂6R4 term are not expected to be protected by supersymmetry [46] and little is
known about the coefficient functions of any of these higher order terms, although reference [42]
makes conjectures for the Poisson equation satisfied by the ∂10R4 term in d = 10 dimensions. Since,
in general, the constraints on the coefficient functions of the higher derivative terms beyond the
∂6R4 term are unknown it is possible that unconstrained Eisenstein-like automorphic forms will
appear as the coefficient functions of these terms, the rest of this chapter studies this possibility for
unconstrained Eisenstein-like automorphic forms constructed from several representations of En+1
less often considered in the literature.
8.3 Conditions on the Perturbative Parts of the Automorphic Form
To investigate the role of automorphic forms constructed from representations of En+1(R) in the
method outlined in the previous section we will examine the suitability of the perturbative part
of the automorphic form as a coefficient function for an arbitrary higher derivative correction
in the type IIB effective action in d = 10 − n dimensions. The perturbative part Φp of the
automorphic form Φ constructed from a representation of En+1(R) is expressed in terms of the
fields ~φ parameterising the Cartan subalgebra of the coset g ∈ En+1(R)/H. To deduce whether
the perturbative part of the automorphic form gives an acceptable coefficient function for a higher
derivative correction to the type IIB effective action in d = 10 − n dimensions we must instead
express Φp in terms of the type IIB string theory parameters in d = 10 − n dimensions, namely
the effective coupling gd and the volume of the n torus Vn.
The contributions to the effective action of type IIB string theory from a perturbative expansion
in gs = e






√−gSg−2s RS + ..., (8.32)
where the subscript S is to notify the reader that we have written the action in string frame.














√−gSg−2d RS + ... ,
(8.33)
where the d dimensional effective coupling gd is given by gd = α
′n4 gsV
− 12
n and Vn is the volume of
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the n torus in string frame. Comparing with our compactification ansatz we see that the volume
of the n torus Vn in string frame and the d = 10 − n dimensional effective coupling gd may be







The terms beyond two derivatives in the effective action of type IIB string theory in d = 10 −
n dimensions are polynomials in the d dimensional curvature R, En+1(R) Cartan forms S and
non-linearly realised field strengths F with a coefficient function that transforms as an En+1(Z)
automorphic form. Therefore, an arbitrary higher order term in the d = 10−n dimensional effective





where ld is the d dimensional Planck length, ΦEn+1 is an En+1(Z) automorphic form and O is a
polynomial in the d dimensional curvature R, En+1(R) Cartan forms S and non-linearly realised
field strengths F , while l is the number of derivatives inO. Upon rescaling to d = 10−n dimensional
string frame the perturbative part of an arbitrary higher derivative term in (8.35) must agree with
a perturbative expansion in the effective coupling gd, that is, each term must have a dependence
on the effective coupling of the form g−2+2gd , where g = 0, 1, 2, ... is the genus. The d dimensional
Einstein frame metric is related to the d dimensional string frame metric by
gµν = g
− 4d−2
d g(S)µν , (8.36)
where gµν and g(S)µν are the components of the d dimensional metric in Einstein and string frame,
respectively. Thus, we find that an arbitrary higher derivative term in the d = 10− n dimensional







d ΦEn+1OS , (8.37)
where ∆ is the number of space time metrics that transform as a contravariant tensor minus the
number of space time metrics that transform as a covariant tensor in OS . It is then apparent that




d ΦEn+1 pOS (8.38)
can only be comprised of terms with a dependence on the effective coupling of the form g2g−2d ,
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where each term may arise from a different genus g.
8.4 Extracting the Perturbative Part of the Automorphic Form
The calculation of the perturbative part of an automorphic form constructed from a representation
of En+1(R) with highest weight ~Λk essentially involves evaluating the inner products of a vector of
fields ~φ that parameterise the Cartan subalgebra of En+1(R) and the weights ~µi in the root string
of ~Λk.
To proceed with this calculation we will decompose the En+1(R) representation into represen-
tations of GL(1,R)× SL(2,R)× SL(n,R) by deleting node n of the En+1 Dynkin diagram given
in figure 16. Under this decomposition the simple roots and fundamental weights of En+1(R) de-
n+ 1
n
n− 1n− 2n− 321
Figure 16: Dynkin diagram for En+1 with type IIB labeling
compose into the simple roots and fundamental weights of GL(1,R) × SL(2,R) × SL(n,R), the
derivation of this decomposition is given in appendix D.3. We then find that the simple roots ~αk
and fundamental weights ~Λk of En+1(R) may be written
























where ~ν = (µ1, 0, 0)+(0, 0, λ
n−2), the constant x =
√
8−n
2n is fixed by demanding ~α
2
n = 2, the simple
roots and fundamental weights of SL(n) are αi and λ
i, while the simple root β1 and fundamental





. Any root of En+1(R) can then be expressed as
~α = nc~αn +m~β +
∑
i
ni~αi = nc(0, x, 0)− ~λ, (8.41)
where ~λ = nc~ν −
∑
i ni(0, 0, αi) −m(β1, 0, 0) is a weight of SL(2) ⊗ SL(n) and the integer nc is
the level with respect to the decomposition.
The fields that act as the parameters of the Cartan subalgebra of En+1(R) in the d = 10 − n
dimensional type IIB theory are φ, ρ and φ, where φ is the type IIB dilaton, ρ controls the volume
of the n torus and φ is a vector of fields parameterising the remaining SL(n,R) symmetry of the
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torus. Under the decomposition of En+1(R) into representations of GL(1) × SL(2) × SL(n), we






Before evaluating the perturbative part of an automorphic form constructed from a represen-
tation of En+1(R) with highest weight ~Λk one may define an ordering of the weights. We will
follow the convention of [40] and take ~µi > ~µj if the first non-zero component of ~µi − ~µj in the
ordered basis (0, 1, 0), (1, 0, 0) and (0, 0, µ) is positive. With this definition, the weights are ordered
in terms of increasing level nc followed by their SL(2) weights then with respect to their SL(n)
weights. One then finds that the perturbative part of the automorphic form constructed from a










(2ncs−ncaα+bα) x√2ρPk(λ, φ), (8.43)
where Nα = 1 if α corresponds to the singlet representation of SL(2), Nα = e
−φ(s− aα2 ) if the SL(2)
weight is µ1 and Nα = e
φ(s− aα+12 ) if the SL(2) weight is −µ1 for the doublet representation of
SL(2) and Nα = e
−φ(2s−aα) if the SL(2) weight is 2µ1, Nα = e−φdα−1 if the SL(2) weight is 0,
Nα = e
φ(2s−aα+1) if the SL(2) weight is −2µ1 for the triplet representation of SL(2). In addition,
the functions Ek and Pk are given by
Ek = 2pi
k−1




Pk(λ, φ) = e
−√2((s− k−12 )[λ]k−aα+ 12 ([λ]1+...+[λ]k−1−aα ))·φ, (8.45)
where [λ]r is the r-th weight in the root string with highest SL(n) weight λ. Finally, to compare
the perturbative part of the automorphic form to a perturbative expansion in gd one may convert





















8.5 Analysis of the Perturbative Part of Automorphic Forms constructed
from Various Representations
The automorphic forms considered in reference [40] were constructed exclusively from the rep-
resentation of En+1(R) with highest weight ~Λn+1, however, it is known that automorphic forms
constructed from representations other than those with highest weight ~Λn+1 can appear in string
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theory [45–47]. Let us now examine several of these other representations of En+1(R) through the
construction of the automorphic form reviewed in this section. Details of the derivations of each
of these automorphic forms is given in appendix C.
8.5.1 10 of SL(5)
The unconstrained Eisenstein-like automorphic form constructed from the representation of SL(5)










































Demanding that the first term appears at some minimum order in the perturbative expansion,





s = −2 + 2g0. (8.48)
For d = 7














































Comparing the power of gd in terms 7 to 9 and 10 with g
2g−2
d
g = s− 3 + g0




Therefore the perturbative part of the automorphic form constructed from the 10 of SL(5) with
highest weight ~Λ1 appears to be compatible with any higher derivative term in the d = 10 − n
dimensional type IIB string theory effective action such that ∆− 4− 32g0 is a non-negative integer.
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8.5.2 16 of SO(5, 5)
The unconstrained Eisenstein-like automorphic form constructed from the representation of SO(5, 5)
























































































































Demanding that the first term appears at some minimum order in the perturbative expansion,
with associated genus g0, gives,
4∆− 2d
d− 2 − s = 2g0 − 2. (8.54)
For d = 6


















































Comparing the power of gd in terms 9 to 12 and 13 to 16 with g
2g−2
d one finds
2g − 2 = 2s− 10 + 2g0. (8.57)
After substituting for s we find the genus g as a function of the number of inverse metrics ∆ and
the genus g0 at which the lowest order term in the automorphic form first appears
g = s− 8 + g0
= ∆− 9− g0.
(8.58)
So we see that the perturbative part of the automorphic form constructed from the 16 of SO(5, 5)
with highest weight ~Λ1 is potentially valid for any higher derivative term in the type IIB effective
action in d = 10− n dimensions satisfying ∆− 9− g0 is a non-negative integer.
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8.5.3 24 of SL(5)
The unconstrained Eisenstein-like automorphic form constructed from the representation of SL(5)
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n g
−3








d EkPk (λ1, φ) .
(8.59)
For any value of s we see that the perturbative part of the automorphic form contains odd and
even powers of the d dimensional coupling gd. It is therefore incompatible with a perturbative
expansion in the d dimensional coupling and thus it appears that the unconstrained automorphic
form constructed from the 24 of SL(5) can not be the automorphic form of any higher derivative
term in the effective action of type IIB string theory in d = 7 dimensions.
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8.5.4 78 of E6
The unconstrained Eisenstein-like automorphic form constructed from the representation of E6
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+ V 4n g
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Demanding that the first term appears at some minimum order in the perturbative expansion,





s = 2g0 − . (8.61)




































































− 1110 s+ 92
n g
2s−17+2g0








































Comparing the power of gd in terms 16 to 25 with g
2g−2
d we find
2g − 2 = 2s− 17 + 2g0. (8.64)
After substituting for s we find the genus g as a function of the number of inverse metrics ∆ and









Examining the right hand side of the above equation, we see that the numerator is odd while the
denominator is even. Therefore, g is not an integer for any number of inverse metrics ∆, and, as
a consequence, Φp is not compatible with a perturbative expansion in gd. Alternatively, one may
observe that Φp contains even and odd powers of the d dimensional coupling for all s and g0 and
therefore the unconstrained automorphic form Φ constructed from the 78 of E6 appears not to be
a valid automorphic form for any higher derivative term in the effective action of type IIB string
theory in d = 5 dimensions.
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8.5.5 45 of SO(5, 5)
The unconstrained Eisenstein-like automorphic form constructed from the representation of SO(5, 5)


























































































We find that the perturbative part of the unconstrained automorphic form constructed from the
45 of SL(5) for any value of s contains odd and even powers of the d dimensional coupling gd and
is therefore incompatible with a perturbative expansion in the d dimensional coupling. It follows
that the unconstrained automorphic form constructed from the 45 of SL(5) may not appear as the
automorphic form of any higher derivative term in the effective action of type IIB string theory in
d = 6 dimensions.
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8.5.6 248 of E8
The unconstrained Eisenstein-like automorphic form constructed from the representation of E8





















































































































































































The evaluation of the perturbative part of the unconstrained automorphic form constructed from
the 248 of E8 demonstrates that any higher derivative term carrying this automorphic form pos-
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sesses odd and even powers of the effective coupling gd for any value of s and thus appears to be
incompatible with a perturbative expansion in the effective coupling gd. This suggests that the
unconstrained automorphic form constructed from the 248 of E8 could not appear as an automor-
phic form for any higher derivative term in the effective action of type IIB string theory in three
dimensions.
8.5.7 56 of E7
The unconstrained Eisenstein-like automorphic form constructed from the representation of E7

















































































Demanding that the first term appears at some minimum order in the perturbative expansion,
with associated genus g0, gives,
4∆− 2d
d− 2 − 2s = 2g0 − 2. (8.69)
For d = 4


















































































Comparing the power of gd in terms 13 to 43 with g
2g−2
d we find
2g − 2 = 2s− 14 + 2g0 (8.72)
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After substituting for s we find the genus g1, at which terms 13 to 43 receive perturbative contri-
butions, as a function of the number of inverse metrics ∆ and the genus g0 at which the lowest
order term in the automorphic form first appears
g1 =∆− 1− g0 − 6 + g0
=∆− 7.
(8.73)
Performing similar analysis for terms 44 to 56 by comparing the power of gd in terms 44 to 56 with
g2g2−2d we find
2g2 − 2 = 4s− 58 + 2g0. (8.74)
The genus g2 at which terms 44 to 56 receive perturbative contributions as a function of the number
of inverse metrics ∆ and the genus g0 associated with the perturbative contributions of the lowest
order term in the automorphic form is then
g2 =2s− 28 + g0
=2∆− 30− g0.
(8.75)
Therefore the automorphic form constructed from the 56 of E7 with highest weight ~Λ
2 could
appear as the coefficient function for any higher derivative term in the type IIB effective action in
d = 10−n dimensions if 2∆−30−g0 is a non-negative integer. Note that any higher derivative term
satisfying this condition automatically satisfies the weaker condition on the genus g1 associated
with terms 13 to 43.
8.6 Conclusion
From the evaluation of the perturbative parts of the automorphic forms in section 8.5 it appears
that the automorphic forms constructed from the 10 of SL(5), 16 of SO(5, 5) and the 56 of
E7 are compatible with a perturbative expansion in the effective coupling gd in d dimensions for
particular higher derivative terms. Therefore these automorphic forms seem to be potentially
acceptable coefficient functions for particular sets of higher derivative terms.
The automorphic forms constructed from the 24 of SL(5), 45 of SO(5, 5), 78 of E6 and 248
of E8 do not appear to be compatible with a perturbative expansion in the effective coupling gd
in d = 10− n dimensions for any higher derivative term. One would be tempted to conclude that
the automorphic forms constructed from these representations do not appear as the coefficient
functions of any higher derivative term in the effective action of type IIB string theory in d =
10 − n dimensions. However, in evaluating the perturbative part of the automorphic form we
have somewhat arbitrarily chosen an ordering of the simple roots of the En+1 algebra, such that
~αn > ~αn+1 > ~αj for j = 1, 2, ..., n − 1. Although the complete automorphic form is independent
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of any choice of ordering of the root space, once the automorphic form is split into a perturbative
part and a non-perturbative part by writing Φ = Φp + Φnp, one finds that the perturbative and
non-perturbative parts of the automorphic form are, in general, dependent on the chosen ordering
of the En+1 root space. This ambiguity in the ordering of the root space is not an issue for
automorphic forms constructed from a representation of an En+1 algebra with a root string that
does not split, in the sense that for all weights ~µ in the root string of a highest weight representation
of En+1 there is at most one simple root ~αi satisfying (~αi, ~µ) = 1, where i = 1, 2, ..., n+ 1, and no
simple roots satisfying (~αi, ~µ) > 1. It follows that since the automorphic form ΦSL(5) that appears
as the coefficient function for the R4 term in the type IIB effective action in d = 7 dimensions is
constructed from the 5 of SL(5), which possesses a root string that does not split, one finds that the
perturbative part of the automorphic form as evaluated in reference [40] is defined unambiguously.
The coefficient function for the R4 term in the type IIB effective action in d = 6 dimensions
is constructed from the 10 of SO(5, 5), which does possess a root string that splits. However,
the ambiguity in the ordering of the weights is lifted once a constraint on the SO(5, 5) lattice, as
mentioned in section 8.2 and evaluated in reference [40], is implemented.
In chapter 9 we study the behaviour of automorphic forms in the limits of several physical
parameters. In particular, one may think of the d = 10−n dimensional weak coupling limit gd → 0,
described in chapter 9, as an alternative definition of the perturbative part of the automorphic
form that is unambiguously defined but unlike the definition outlined in this chapter retains some
dependence on the axionic fields χ~α and possesses an explicit SO(n, n) symmetry.
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The higher derivative terms in the effective action of type IIA/B string theory and M-theory must
match the known properties of the d = 10−n dimensional type IIA/B string theory and M-theory
effective actions in the limits of various physical parameters. The automorphic forms that act as
the coefficient functions of the higher derivative terms in the effective action of type IIA/B string
theory and M-theory in d = 10−n dimensions are, in general, dependent on these parameters and
thus one may gain insights into which automorphic forms are acceptable coefficient functions of
higher derivative terms by investigating their behaviour in the limits of these physical parameters.
In this chapter we explore these limits in the context of the higher derivative terms of the effec-
tive action of type IIA/B string theory and M-theory through the E11 formulation of type IIA/B
and eleven dimensional supergravity, in taking this approach we are able to attach a group theoret-
ical meaning to each limit. We then derive a general formula for the unconstrained Eisenstein-like
automorphic forms, described in chapter eight, in various limits of the physical parameters and
explicitly evaluate the limits of the unconstrained Eisenstein-like automorphic forms constructed
from the 5 of SL(5) and the perturbative limits of the 133 of E7 and the 248 of E8. The un-
constrained Eisenstein-like automorphic form constructed from the 133 of E7 is an example of
an automorphic form that, in these limits, violates known properties of type IIA/B string theory
dimensionally reduced to d = 4 dimensions and so can not appear as the coefficient function of any
higher derivative term in the effective action of type IIA/B string theory and M-theory in d = 4
dimensions.
The unconstrained Eisenstein-like automorphic form constructed from the 5 of SL(5) is an
example of an automorphic form that does appear as the coefficient function of known higher
derivative terms in the effective action of type IIA/B string theory and M-theory in d = 7 dimen-
sions. We consider the conditions under which the unconstrained Eisenstein-like automorphic form
constructed from the 5 of SL(5) could appear as a coefficient function in the d = 7 type IIA/B
string theory and M-theory effective actions for higher order terms beyond those already known.
For an example of how the limits of physical parameters may constrain the higher derivative
terms consider the R4 term in the d = 10 type IIB string theory effective action. The coefficient
function of the R4 term in the ten dimensional type IIB effective action is an SL(2) Eisenstein
series with s = 32 that may be constructed from an SL(2)/SO(2) group element parameterised by
the type IIB dilaton φ and axion χ. The type IIB string coupling gs is defined by gs = e
φ and
therefore the SL(2) Eisenstein series of the R4 term is a function of the type IIB string coupling gs.
In the weak coupling limit gs → 0, contributions to the effective action of type IIB string theory
in ten dimensions from non-perturbative effects are suppressed and the remaining terms in the ef-
fective action are of a perturbative origin and thus, in string frame, must be multiplied by a factor
of e(−2+2k)φ, where k is a non-negative integer and corresponds to the genus of the perturbative
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contribution. In the weak coupling limit the R4 term that possesses an SL(2) Eisenstein series with
s = 32 coefficient function reduces to a sum of two terms at tree level and one loop with type IIB
string coupling dependence g−2s and g
0
s , in string frame. Since the weak coupling limit of the R
4
term carrying a coefficient function given by the SL(2) Eisenstein series with s = 32 reproduces the
known result that the R4 term picks up perturbative contributions at tree level and one loop only,
we see that in principle the SL(2) Eisenstein series with s = 32 could be the coefficient function of
the R4 term. However, if we evaluated the weak coupling limit gs → 0 of the R4 term carrying a
coefficient function given by a different SL(2) automorphic form we would not be guaranteed either
that the resulting perturbative contributions would agree with the known results or even a set of
terms that could be identified with a perturbative expansion in gs, i.e. terms that are multiplied
by a factor of e(−2+2k)φ.
In d = 10−n dimensions the higher derivative terms in the effective action of type IIA/B string
theory and M-theory possess coefficient functions that transform as En+1 automorphic forms that
are dependent on the effective coupling gd and the moduli of the n torus. In addition to considering
the d dimensional perturbative limit gd → ∞, one may also consider various decompactification
limits of the moduli of the n torus. The various decompactification limits also place demands on
the automorphic forms of the higher derivative terms.
References [45–47] investigated the behaviour of the d = 10−n dimensional R4, ∂4R4 and ∂6R4
terms with their associated coefficient function in several of these limits. The coefficient functions
of the d = 10 − n dimensional R4, ∂4R4 and ∂6R4 terms are protected by supersymmetry, which
constrains them to satisfy Poisson equations on the En+1/H moduli space, and in each case the
proposed coefficient functions were shown to agree with known type IIB string theory and M-theory
results in the appropriate limits.
Higher derivative terms in the effective action of type IIA/B string theory and M-theory beyond
the ∂6R4 term are not known to be protected by supersymmetry and therefore any possible Poisson
equations constraining the coefficient functions of these terms are unknown in general, although
reference [33] puts forward arguments for the Poisson equations satisfied by the ∂10R4, ∂12R4 and
∂14R4 terms in the ten dimensional type IIB string theory effective action. However, even without
knowing the form of the Poisson equations satisfied by the coefficient functions of these higher
order terms, one may still gain an insight into their possible structure by studying the behaviour
of the higher derivative terms in the limits of various physical parameters.
The E11 formulation of type IIA/B supergravity and eleven dimensional supergravity provides
a common framework for discussion of the limits of the higher derivative terms in effective actions
of type IIA/B string theory and M-theory. In particular, the En+1 Cartan subalgebra fields are
in one to one correspondence with the physical fields, i.e. the type IIA/B dilaton and the n torus
moduli, that determine the physical parameters. As a result, the physical parameters may be for-
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mulated in terms of the fields associated with the Cartan subalgebra of En+1 that naturally arises
as a subalgebra of E11. Moreover, the E11 formulation of type IIA/B supergravity and eleven
dimensional supergravity differs only by the chosen decomposition of the E11 subalgebra and in
d < 10 dimensions the type IIA/B and eleven dimensional supergravity theories are considered
equivalent and are all obtained by deleting node d in the E11 Dynkin diagram to reproduce an
SL(d) gravity line. A consequence of the type IIA/B and eleven dimensional supergravity theories
being equivalent once compactified on a torus to d < 10 dimensions is that there is no preferred
theory for which to consider the d = 10 − n dimensional effective action. So, as we will see, the
various limits in the physical parameters may be given a group theoretical meaning that is inde-
pendent of the physical fields, i.e. the sets of type IIA/B or M-theory fields, one may wish to use
in describing the d dimensional theory.
We will begin by reviewing the physical parameters in the effective actions of type IIA/B string
theory and M-theory and their expressions in terms of the physical fields of these theories. We
then derive the relationship between the physical fields of type IIA/B supergravity and eleven
dimensional supergravity in d dimensions and the fields that parameterise the group elements in
the E11 formulations of type IIA/B supergravity and eleven dimensional supergravity, in this way
we can relate the physical parameters in the effective actions of type IIA/B string theory and
M-theory to the E11 fields associated with the Cartan subalgebra. The physical parameters are
found to be associated with specific fields that parameterise the En+1 subgroup contained in E11.
Moreover, the fields used to parameterise the En+1 subgroup are defined in Chevalley basis, where
they are naturally associated with nodes of the En+1 Dynkin diagram. As a result, the limit in
each parameter can be given a group theoretical meaning.
We then consider the general behaviour of an arbitrary higher derivative term in the effective
action of type IIA/B string theory in each of these limits. We also derive an explicit general form
for the unconstrained Eisenstein-like automorphic forms constructed from highest weight represen-
tations of En+1 in the various limits of the physical parameters. To demonstrate how one may
make use of these limits to investigate the role of an automorphic form in the effective action of
type IIA/B string and M-theory we examine the unconstrained Eisenstein-like automorphic forms
constructed from the 5 of SL(5), the 133 of E7 and the 248 of E8. .
9.1 Parameters
The parameters of interest to us in taking various limits of type IIA and IIB string theory and M-
theory are the d dimensional Planck length ld, the string length ls, the IIA and IIB string coupling,
gs(A) and gs(B), the effective coupling gd in d = 10 − n dimensions, the radii ri, i = d + 1, ..., D,
of the n torus and volume of the torus upon which type IIA string theory, type IIB string theory
and M-theory are compactified on, Vn(A), Vn(B) and Vm respectively. The Planck length in eleven
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dimensions and the the IIA and IIB Planck length in ten dimensions are denoted by l11, l10(A)
and l10(B) respectively. The type IIA/B supergravity theories have two parameters, the Newtonian
coupling constant κ10 and e
<φ>, where < φ > is the expectation value of the type IIA/B dilaton
φ. The d dimensional Newtonian coupling constant κd appears in the action, multiplying the d










Type IIA/B supergravity are the low-energy effective theories derived from type IIA/B string
theory, respectively. The type IIA/B string theories also have two parameters, the string length
ls and the string coupling constant gs = e
<φ>, where the string length may be defined in terms
of α′ as ls =
√
α′. The relationship between the type IIA and IIB supergravity coupling κ10 and
the string length ls is found by comparing the supergravity action and the effective action derived










We will dimensionally reduce type IIA/B string theory and M-theory by taking our standard
torus ansatz of









where det(G) = 1 and the constants α and β are defined in equations (3.12) and (3.13), respectively.
Compactifying a D dimensional theory to d = D − n dimensions, via this ansatz, gives the d
dimensional theory in Einstein frame. The coordinate and parameterisation invariant length of a




i = ri, (9.6)
where ld is the d dimensional Planck length and ri is the radius in the i direction. The vielbein
of the internal metric eˆ ii is taken to be independent of the compactified coordinates, therefore the







The volume of the n torus compactifying a D dimensional theory to d = D − n dimensions may
then be written Vn =
rDrD−1...rd+1
(lD)
n = enβρ, in Einstein frame. Note that in d = 10−n dimensional
string frame the volume of the n torus is given by Vn(s) = e
nβρ+n4 φ. The effective coupling in d









where, in this expression, Vn is the n torus volume in string frame.
The D = 11 metric used to compactify eleven-dimensional supergravity to IIA supergravity is












From this metric we may identify e
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Compactifying on a circle of radius r we find that the relationship between the d dimensional














where κ11 is the d = 11 supergravity coupling constant. Using our expression for the eleven
dimensional Planck length l11 in terms of the IIA string coupling gs(A) and the radius of the
eleventh dimension r11, we find, from the above expression,
r11 = gsls. (9.13)
One may rewrite equation (9.11) in terms of the Planck length rather than the Newtonian coupling






We may write the d = 10− n dimensional Planck length in terms of the volume of an n-torus and
the ten dimensional Planck length, by iterating equation (9.14) n times and dividing by (l10)
n
,
this gives ld−2d =
ld−210
Vn
. Our expressions for the volume Vn, coupling constant gd (9.8) and the ten
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Similarly, we may iterate equation (9.14) n+ 1 times to the find the d dimensional Planck length
ld as a function of the volume of the torus used to dimensionally reduce M-theory and the eleven




In summary, we have that the Planck length in ten and eleven dimensions are related to the string













r11 = gs(A)ls, (9.20)
While the d dimensional Planck length ld is related to the d dimensional coupling gd, the type IIA
torus volume Vn(A), type IIB torus volume Vn(B), M-theory torus volume Vm, and the radius rd+1



















9.2 E11, En+1 and the Parameters of Dimensionally Reduced Maximal
Supergravity
In this section we will use the E11 formulation of type IIA/B and eleven dimensional supergravity
to derive the relationship between the fields that parameterise the En+1 group element, used
to construct the En+1 automorphic forms in d = 10− n dimensions, and the physical parameters
discussed in section (9.1). In particular, we will see that the fields ϕ˙i, i = d+1, ..., 11, parameterising
the Cartan subalgebra part of the En+1 group element, in Chevalley basis, are directly related to
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the physical parameters of type IIA/B and eleven dimensional supergravity. Since we work with
the En+1 fields in Chevalley basis we find the physical parameters are associated with various nodes
of the En+1 Dynkin diagram.
The eleven dimensional, IIA and IIB supergravity theories, as well as the maximal type II
supergravity theories in lower dimensions, can be formulated as non-linear realisations [66–71]. The
non-linear realisations of the Kac-Moody algebra E11, at low levels, leads to all of these theories.
As such E11 encodes the fields of each of these theories and provides us with a way of relating the
fields in the different theories to each other. In fact the fields of these theories are in one to one
correspondence with the generators of the Borel subalgebra of E11 in the group decomposition,
explained below, appropriate to each theory. It has been conjectured that non-linear realisations
of the Kac-Moody algebra E11 are extensions of all these supergravity theories [65].
A Kac-Moody algebra is formulated in terms of its Chevalley generators, which include those in
the Cartan subalgebra denoted by Ha, a = 1, 2, . . . 11. As such, the E11 group element that occurs
in the non-linear realisation is of the form gE11 = e
∑
a φaHa provided we restrict our attention to
the part that is in the Cartan subalgebra.
9.2.1 Type IIB in d = 10 Dimensions
The E11 formulation of type IIB supergravity is given by decomposing the E11 algebra in terms of
the algebra that results from deleting the node labelled nine in the E11 Dynkin diagram in figure
17, namely the algebra GL(10). Deleting node nine gives the gravity line in the type IIB theory
11
10987654321
Figure 17: The E11 Dynkin diagram
that consists of nodes one to eight in addition to node 11 in the Dynkin diagram and an internal
SL(2) symmetry through node 10. The GL(10) subalgebra is generated by Kˆab, a, b = 1, . . . , 10.
Together with the generator Rˆ of the SL(2) symmetry, the generators Kˆaa, a = 1, ..., 10 provide a
basis for the Cartan subalgebra generators of E11. The Cartan subalgebra generators in Chevalley
basis for the IIB theory are
Hˆa = Kˆ
a
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One may therefore write the E11 group element restricted to the Cartan subalgebra describing the
type IIB theory e
∑
a φˆaHˆa , where φˆ are the fields associated with the Chevalley generators Hˆa.




where we have added the spacetime translation generators Pa and σˆ is the type IIB dilaton. The
Cartan form for this subgroup is given by
g−1dg = dxµeµaPa + (e−1de)abKab, (9.28)
where one finds that eµ
a = (eh)a
b is the ten dimensional vielbein.
Restricting to the Cartan subalgebra we may set the different formulations of the E11 group
element to be equal so that
e
∑








one may similarly compare the coefficients of the GL(10) generators to find an expression for the
rest of the E11 Chevalley fields in terms of the physical fields hˆ
a
a, a = 1, ..., 10.
9.2.2 Dimensionally Reduced type IIB
The type IIB E11 group element kIIB in the dimensionally reduced theory is found by deleting
node d of the Dynkin diagram. As in the eleven dimensional supergravity case, this splits the
E11 algebra into a gravity sub-algebra, associated with the generators of SL(d) restricted to the
Cartan subalgebra Ka a, a = 1, ..., d and a remaining internal sub-algebra, consisting of all the
generators lying in the Cartan sub-algebra that are not elements of the gravity subalgebra. The
internal subalgebra generates the En+1 symmetry group in d = 10−n dimensions. The generators







a, for i, j = d+1, ..., 10, and Rˆ form the En+1 internal subalgebra. One
may verify that the generators of the internal subalgebra satisfy [Pa, K˙
i
j ] = 0, for all a = 1, ..., d
and i, j = d + 1, ..., 10, where Pa are the d dimensional spacetime translation generators with










i=d+1 ϕ˙iTˆi , (9.31)
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where ϕ˙a are the En+1 Chevalley fields that parameterise the En+1 Cartan subalgebra and
Tˆi = K˙
i+1




























a into equation (9.32) one finds Hˆi = Tˆi
for i = d+ 1, ..., 11.
To find the En+1 Chevalley fields parameterising kIIB in the dimensionally reduced theory in
terms of the physical fields that appear in d = 10−n dimensions we compare the E11 group element
kIIB to the E11 group element g that corresponds to our chosen compactification ansatz (9.5).
The E11 group element that contains the type IIB physical fields in the dimensionally reduced










































up to the same numerical for each hˆii and neglecting terms involving derivatives of hˆ
i
i. The Cartan
form V in d dimensions, restricted to the Cartan sub-algebra, may be expanded as
V ≡ dxµeˆ aµ Pa + dxieˆ ji Pj . (9.35)
From our compactification ansatz, with the one-form gauge fields A set to zero, we may identify
eˆ aµ = e
αˆρˆe aµ and eˆ
i
j = e
βˆρˆe ij . Upon comparing the Cartan form gdg
−1 and the expansion of the





















from which, it is apparent eˆ1 = α, eˆ2 = β and that the diagonal elements of the internal vielbein
e ji are related to the physical fields hˆ
i
i by
e ii = e
hˆii . (9.37)
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We now proceed to compare the kIIB and g group elements in d < 9 dimensions. Comparing
































Equating the coefficients of the generators gives



























10 and ρˆ found





d+2 + ...+ hˆ
i
i + (n− 10 + i)
8
















9.2.3 Type IIB Parameters
In Chevalley basis the En+1 field ϕ˙k is associated with node k of the E11 Dynkin diagram. The
Volume of the torus in the type IIB theory Vn(B), the d dimensional effective coupling gd and the
ratio of the radius rd+1 to the Planck length ld are expressible in terms of the En+1 fields ϕ˙i in
Chevalley basis, thus they are naturally associated with nodes of the En+1 Dynkin diagram. For




= enβˆρˆ = e
8−n
4 ϕ˙9 . (9.41)
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The effective coupling in d dimensions may be written
gd = e
8−n
8 φˆ−nβˆρˆ2 = e−2(
8−n
8 )ϕ˙10 . (9.42)













d+1 = eϕ˙d+1 . (9.43)
9.2.4 M-theory in d = 11
The Chevalley fields φi in the E11 group element for eleven dimensional supergravity are found as
a function of the physical fields hii in section 7.3.
9.2.5 Dimensionally Reduced M-theory
The M-theory E11 group element kM in the dimensionally reduced theory is found by deleting node
d of the Dynkin diagram, this splits the E11 algebra into a gravity sub-algebra, associated with the
generators of SL(d) restricted to the Cartan subalgebra Ka a, a = 1, ..., d and a remaining internal
sub-algebra, consisting of all the generators lying in the Cartan sub-algebra that are not elements of
the gravity sub-algebra, these generate the Em group. The generators associated with the gravity









for i, j = d+ 1, ..., 11 form the En+1 internal subalgebra. One may verify that that the generators
of the internal subalgebra satisfy [Pa, K˙
i
j ] = 0, for all a = 1, ..., d and i, j = d + 1, ..., 11, where
Pa are the d dimensional spacetime momentum generators with commutation relations specified in









a=d+1 ϕ˙aTa . (9.44)
where ϕ˙a are the Em Chevalley fields that parameterise the Em Cartan subalgebra and
Ti = K˙
i+1


























a into equation (9.45) one finds that
Hi = Ti for i = d+ 1, ..., 11.
To find the Em Chevalley fields parameterising kM in the dimensionally reduced theory in terms
of the physical fields that appear in d = 11−m dimensions we will compare the E11 group element
kM to another E11 group element g that corresponds to our chosen compactification ansatz (9.5).
The E11 group element that contains the M-theory physical fields in the dimensionally reduced
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where we have suppressed the same numerical factor for each hii given by the commutator of K
i
i
with the translation generators Pi and neglected terms involving derivatives of h
i
i. The Cartan
form V in d dimensions, restricted to the Cartan sub-algebra, may be expanded as
V ≡ dxµeˆ aµ Pa + dxieˆ ji Pj , (9.48)
ignoring the terms in K ba . From our compactification ansatz, with the one-form gauge fields A set
to zero, we may identify eˆ aµ = e
αρe aµ and eˆ
i
j = e
βρe ij . Upon comparing the Cartan form gdg
−1





















which gives e1 = α, e2 = β. In addition, since we are only concerned with the Cartan subalgebra,
upon comparing V and g−1dg, we see that the diagonal elements of the internal vielbein e ji are
related to the physical fields hii by
e ii = e
hii . (9.50)






We now proceed to compare the kM and g group elements in d < 9 dimensions. Comparing
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Equating the coefficients of the generators gives






























11 and ρ found upon





d+2 + ...+ h
i
i + (m− 11 + i)
9




























11 and ρ, in equation (9.53) allows
one to express the M-theory parameters given in section 9.1, namely the dimensionless volume of
the m torus Vm and the ratio of the radius rd+1 of a compact dimension to the d dimensional
Planck length, in terms of the Em fields ϕ˙i. Since the Em fields ϕ˙i are in Chevalley basis they are





= emβρ = e
9−m
3 ϕ˙11 . (9.54)













d+1 = eϕ˙d+1 . (9.55)
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9.2.7 Type IIA in d = 10
The Chevalley fields φ˜i in the E11 group element for type IIA supergravity in d = 10 dimensions
are found as a function of the physical fields h˜ii and the type IIA dilaton σ˜ in section 7.3.
9.2.8 Dimensionally Reduced Type IIA
The type IIA E11 group element kIIA in the dimensionally reduced theory is given by deleting
node d of the Dynkin diagram, as in the eleven dimensional supergravity case, this splits the E11
algebra into a gravity subalgebra, associated with the generators of SL(d) restricted to the Cartan
subalgebra K˜a a, a = 1, ..., d and a remaining internal sub-algebra, consisting of all the generators
lying in the Cartan sub-algebra that are not elements of the gravity subalgebra, these generate
the En+1 group. The generators associated with the gravity line are the SL(d) generators, K˜
a
b,






a, for i, j = d+ 1, ..., 10, and R˜ form
the En+1 internal subalgebra. Note that the generators K˙
i
j are not equal to those in the type IIB
and eleven dimensional supergravity cases, in sections (9.2.2) and (9.2.5). The generators of the
internal subalgebra satisfy [Pa, K˙
i
j ] = 0, for all a = 1, ..., d and i, j = d+1, ..., 10, where Pa are the
d dimensional spacetime translation generators with commutation relations specified in equation









i=d+1 ϕ˙iT˜i , (9.56)
where ϕ˙a are the En+1 Chevalley fields that parameterise the En+1 Cartan subalgebra and
T˜a = K˙
a






































a into equation (9.57) one finds H˜i = T˜i
for i = d+ 1, ..., 11.
As in the type IIA and eleven dimensional supergravity case, to find the En+1 Chevalley fields
parameterising kIIA in the dimensionally reduced theory in terms of the physical fields that appear
in d = 10−n dimensions we compare the E11 group element kIIA to the E11 group element g that
corresponds to our chosen compactification ansatz (9.5).
The E11 group element that contains the type IIA physical fields in the dimensionally reduced
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again up to the same numerical for each h˜ii. The Cartan form V in d dimensions, restricted to the
Cartan sub-algebra, may be expanded as
V ≡ dxµeˆ aµ Pa + dxieˆ ji Pj . (9.60)
We may then identify eˆ aµ = e
α˜ρ˜e aµ and eˆ
i
j = e
β˜ρ˜e ij . Comparing the Cartan form gdg
−1 and the





















So we see that e˜1 = α˜, e˜2 = β˜ and that the diagonal elements of the internal vielbein e
j
i are
related to the physical fields hii by
e ii = e
hii . (9.62)






We now proceed to compare the kIIA and g group elements in d < 9 dimensions. Comparing
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Equating the coefficients of the generators we find

















































d+2 + ...+ h˜
i
i + (n− 10 + i)
8

























9.2.9 Type IIA Parameters
We may express the parameters Vn(A), gd and rd+1 in terms of the En+1 fields ϕ˙i in Chevalley
basis, where they are then naturally associated with nodes of the E11 Dynkin diagram. For the




= enβ˜ρ˜ = e
8−n
8 (ϕ˙10+2ϕ˙11). (9.66)
The effective coupling in d dimensions may be written
gd = e
8−n
8 σ−nβρ˜2 = e−2(
8−n
8 )ϕ˙10 . (9.67)













d+1 = eϕ˙d+1 . (9.68)
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9.3 Relationships Between IIA, IIB and M-theory
After compactification on a torus to d < 10 dimensions type IIA/B string theory and M-theory are
equivalent and there is a one to one correspondence between the fields of these theories. To derive
an expression for the fields in one theory in terms of those of another we equate the group elements
containing the physical fields, which we have denoted g, from each theory and expand the physical
generators of one theory in terms of the physical generators of the other, the correspondence
between the physical fields of the two theories may then be read off from the coefficients of the
physical generators. The relationship between the physical generators of two theories is obtained
by equating their Chevalley generators. We are interested in the dilatonic scalars that appear
as the physical fields in each theory after dimensional reduction to d = 10 − n or d = 11 − m
dimensions, although one need not dimensionally reduce these theories for the correspondence to
hold. So we will again restrict the E11 group element to that generated by the Cartan subalgebra
elements Ha, a = 1, .., 11.
9.3.1 M-theory and IIA
Equating the Chevalley generators of M-theory and IIA one has [87]
Kaa = K˜
a
a, a = 1, ..., d,
Kii = K˜
i





































































Equating the M-theory E11 group element gM parameterised by the M-theory physical fields in


























































9.3 Relationships Between IIA, IIB and M-theory
The correspondence between the M-theory and IIA physical fields may then be determined by
examining the coefficients of the physical generators in this equation. One finds








, a = 1, ..., d,

















We may solve these equations to write the volume of the IIA torus Vn(A) as a function of the



















These relations may be simplified by writing the physical fields in terms of the M-theory and IIA




while equation (9.75) becomes
Vm = e
8−n
3 ϕ˙11 . (9.77)
We also find that the last equation of (9.73) is the standard relationship between the IIA coupling
gs(A) in ten dimensions, the eleven dimensional Planck length l11 and the radius of the compactified
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9.3.2 IIA and IIB
Equating the Chevalley generators of type IIA and type IIB gives [87]
Kˆaa = K˜
a
a, a = 1, ..., d,
Kˆii = K˜
i
















































































i− 716 K˜1010+ 34 R˜).
(9.81)
Equating the IIB E11 group element gIIB parameterised by the IIB physical fields in d dimensions
























































The correspondence between the IIB and IIA physical fields may then be determined by examining
the coefficients of the physical generators in this equation, this results in the relations








, a = 1, ..., d,











σˆ, i = d+ 1, ..., 9,


















We will again solve these equations to write the volume of the IIA torus Vn(A) as a function of the




























These relations may be simplified by writing the physical fields in terms of the IIA and IIB Chevalley




while equation (9.85) becomes
Vn(B) = e
8−n
4 ϕ˙9 . (9.87)
The last two equations of (9.83) give the T-duality correspondence between the radius of the circle
upon which the IIA theory is compactified r˜10 and the radius of the circle upon which the IIB theory
is compactified rˆ10 and the T-duality correspondence between the coupling constants gs(IIA) and


















































Note that these relations agree with the Buscher rules for T-duality that relate the string coupling
gs(A) and radius r˜ of the type IIA string to the string coupling gs(B) and radius rˆ of the type IIB
string.
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9.3.3 M-theory and IIB
Equating the Chevalley generators of IIB and M-theory one has [87]
Kˆaa = K
a
a, a = 1, ..., d,
Kˆii = K
i










































































× eσˆ(− 12 (K1010−K1111)).
(9.92)
Equating the IIB E11 group element gIIB parameterised by the IIB physical fields in d dimensions
with the M-theory E11 group element gM parameterised by the eleven dimensional supergravity

























































The correspondence between the M-theory and IIB physical fields may then be determined by
examining the coefficients of the physical generators in this equation. One finds








, a = 1, ..., d,








hˆ1010, i = d+ 1, ..., 9,






















Again, these may be used to derive useful relations between for the volume of the M-theory torus
Vm as a function of the IIB physical fields amd volume of the IIB torus Vn(B) as a function of the
















In terms of the IIB Chevalley fields the volume of the M-theory torus Vm may be written
Vm = e
8−n
3 ϕ˙11 , (9.97)
while the IIB torus Vn(B) as a function of the M-theory Chevalley fields is
Vn(B) = e
8−n
4 ϕ˙9 . (9.98)
9.4 Limits
An arbitrary higher derivative term in d < 10 dimensions is a polynomial in the curvature R,
Cartan forms S or field strengths F with an associated coefficient function that transforms as an
En+1(Z) automorphic form. Strong constraints on the structure of this En+1 automorphic form
may be found by examining the limits of these higher derivative term in the various physical pa-
rameters of type IIA/B string theory and M-theory. We will examine the constraints imposed on
these higher derivative terms by taking the large volume limits of the IIA torus Vn(A), IIB torus
Vn(B), M-theory torus Vm, the decompactification of a single dimension of radius rd+1 and the
perturbative or weak coupling limit where the effective coupling in d dimensions gd tends to zero.
Upon compactification on a torus to d < 10 dimensions type IIA/B string theory and M-theory
are equivalent. Therefore one would expect that these limits should be independent of whether
we choose to parameterise the d dimensional theory by type IIA, type IIB or M-theory physical
fields. Our identification of the parameters involved in taking these limits in terms of the En+1
Chevalley fields shows that this is indeed the case. From equations (9.66), (9.76) and (9.86) we
see that the volume of the IIA torus Vn(A) may be written in terms of the En+1 Chevalley fields,
in each theory we find Vn(A) = e
8−n
n (ϕ˙10+2ϕ˙11) where ϕ˙10 and ϕ˙11 are the En+1 Chevalley fields,
thus, the IIA volume limit is associated with nodes 10 and 11 of the En+1 Dynkin diagram found
after deleting node d in the E11 Dynkin diagram, regardless of whether we choose to parameterise
the d dimensional theory in terms of the type IIA, type IIB or M-theory physical fields. Similarly,
the volume of the type IIB torus Vn(B) may be written Vn(B) = e
8−n
4 ϕ˙9 , so the type IIB volume
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limit is associated with node 9 of the En+1 Dynkin diagram, found after deleting node d in the E11
Dynkin diagram. The remaining parameters of interest to us, the volume of the M-theory torus
Vm, the ratio of the radius of the circle in the (d+ 1) direction to the d dimensional Planck length
ld, and the effective coupling in d dimensions gd are also associated with various nodes of the En+1
Dynkin diagram. One finds Vm = e
8−n
3 ϕ˙11 , rd+1ld = e
ϕ˙d+1 and gd = e
−2( 8−n8 )ϕ˙10 , so the volume of
the M-theory torus is associated with node 11, the ratio of the radius of the circle in the (d + 1)
direction to the d dimensional Planck length ld is associated with node (d+ 1), while the effective
coupling in d dimensions is associated with node 10.
We will now examine the constraints placed on an arbitrary higher derivative term in d dimen-
sions by taking each of these limits. Note that one must be careful when considering non-analytic
terms in the action that appear divergent in a given limit.
9.4.1 IIB Volume Limit
Type IIB string theory in d = 10 dimensions exhibits an SL(2,Z) symmetry. So an arbitrary
higher derivative term in d = 10− n dimensions should, in the large volume limit Vn →∞ give a
sum of d = 10 higher derivative terms whose coefficient functions are SL(2,Z) automorphic forms.





= enβρ = e
8−n
4 ϕ˙9 . (9.99)
So the large volume limit Vn(B) →∞ in the IIB theory is equivalent to ϕ˙9 →∞. Taking ϕ˙9 →∞
corresponds to deleting node n in the En+1 Dynkin diagram, as shown in figure 18. This decomposes
n+ 1
n
n− 1n− 2n− 321
Figure 18: Dynkin diagram for En+1 with node n deleted
the En+1 algebra in terms of a GL(1)×SL(2)×SL(n) subalgebra. It then follows that taking the
large volume limit Vn →∞ splits an En+1 automorphic form into a sum of GL(1)×SL(2)×SL(n)
automorphic forms, where, from (9.41) we see that the the abelian GL(1) factor gives a power of
the effective coupling.







where O is some polynomial in the curvature R, Cartan forms P or field strengths F . In the large











where ˆ denotes a ten dimensional field. Examining the large volume limit of a generic higher





























Note that in the last line we have made use of (9.101). Thus, demanding that the large volume limit
of this generic higher derivative term exists from a string theory perspective means that the limit
in the last line of (9.102) exists and that the resulting terms are ten dimensional higher derivative
terms with a coefficient function that is a sum of SL(2) automorphic forms (or zero). We may
















where k labels the SL(2) automorphic forms that the En+1 automorphic form splits into in the
Vn(B) →∞ limit and ak are constants that depend on the En+1 automorphic form, while j labels
the different d = 10 type IIB polynomials in the ten dimensional curvature Rˆ, Cartan form Pˆ
and field strengths Fˆ that arise in the decompactification of the d dimensional polynomial in the
curvature R, Cartan forms P and field strengths F . Any higher derivative term in d dimensions
that converges to a higher derivative term that is not compatible with type IIB string theory in
d = 10 dimensions, must be rejected as a possible higher derivative term in d dimensions.
9.4.2 Decompactification of a Single Dimension Limit
Type II string theory in d = 10 − n dimensions exhibits an En+1(Z) symmetry. So, in the single
dimension decompactification limit rd+1ld → ∞ an arbitrary higher derivative term in d = 10 − n
dimensions should have an expansion in powers of the dimensionless ratio rd+1ld in d+1 dimensions,
whose coefficient functions are En(Z) automorphic forms. The ratio of the radius in the compact
d+ 1 direction to the d dimensional Planck length ld, in d = 10− n dimensions, may be expressed












d+1 = eϕ˙d+1 , (9.104)
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So the decompactification of a single compact dimension limit rd+1ld →∞ is equivalent to ϕ˙d+1 →
∞. Taking ϕ˙d+1 → ∞ corresponds to deleting node 1 in the En+1 Dynkin diagram, as displayed
in figure 19 This decomposes the En+1 algebra with respect to a GL(1)× En subalgebra. Taking
n+ 1
n
n− 1n− 2n− 321
Figure 19: Dynkin diagram for En+1 with node 1 deleted
the large volume limit rd+1ld → ∞ then splits an En automorphic form into a sum of GL(1) × En
automorphic forms, where, from (9.104) we see that the the abelian GL(1) factor gives a power of
the dimensionless ratio rd+1ld .





where O is some polynomial in the curvature R, Cartan forms P or degree m field strengths Fm.















where ˆ denotes a d + 1 dimensional field. We now examine the decompactification of a single
dimension limit of a generic higher derivative term in Einstein frame. We will be interested in


















































Thus, demanding that the decompactification of a single dimension limit of this generic higher
derivative term exists from a string theory perspective means that the limit in the last line of
(9.108) exists and is an En(Z) automorphic form in d dimensions that is compatible with type II
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where k labels the En automorphic forms that the En+1 automorphic form splits into in the
rd+1
ld+1
→ ∞ limit and ak are constants that depend on the En+1 automorphic form, while j labels
the different d+ 1 dimensional polynomials in the d+ 1 dimensional curvature Rˆ, Cartan form Pˆ
and field strengths Fˆ that arise in the decompactification of the d dimensional polynomial in the
curvature R, Cartan forms P and field strengths F .
A d dimensional higher derivative term that converges to a d+ 1 dimensional higher derivative
term with coefficient function that is incompatible with type II string theory in d + 1 dimensions
can not be a valid d dimensional type II string theory higher derivative term. For instance, we
will see that the unconstrained automorphic form constructed out of the 133 of E7 does not give
a valid perturbative expansion in d = 4 dimensions, therefore any higher derivative term in d = 3
dimensions that converges to a d = 4 higher derivative term that possesses the unconstrained
Eisenstein-like automorphic form constructed out of the 133 of E7 as a coefficient function, in
the decompactification of a single dimension limit, is not a valid higher derivative term in d = 3
dimensions.
9.4.3 Perturbative Limit
String perturbation theory in d = 10 − n dimensions is an expansion in powers of the effective
coupling gd. The perturbative theory exhibits an SO(n, n) symmetry, so in the perturbative limit
gd → 0 an En+1 automorphic form should have an expansion in powers of the effective coupling
in d dimensions whose coefficient functions are SO(n, n) automorphic forms. The coupling gd in
d = 10− n dimensions may be expressed in terms of the E11 Chevalley fields, one finds
gd = e
−2( 8−n8 )ϕ˙10 , (9.110)
where, again, we have made use of (9.40). So the perturbative limit gd → 0 in d dimensions is
equivalent to ϕ˙10 →∞. Taking ϕ˙10 →∞ corresponds to deleting node n+ 1 in the En+1 Dynkin
diagram, as shown in figure (20) This splits the En+1 algebra into a GL(1)×SO(n, n) subalgebra.
Therefore, taking the perturbative limit gd → 0 splits an En+1 automorphic form into a sum of
GL(1) × SO(n, n) automorphic forms, where, from (9.110) we see that the abelian GL(1) factor
gives a power of the effective coupling gd.
We require that the perturbative terms are consistent with a perturbative expansion in gd. In
string frame this translates to each term having coefficient g2g−2d where g is the genus. String frame
in d dimensions is related to Einstein frame by gEµν = g
− 4d−2





n− 1n− 2n− 321






d ΦEn+1OS , (9.111)
where O is some polynomial in the d dimensional curvature R, Cartan forms P or field strengths
F , the subscript S denotes string frame quantities and ∆ is the number of space time metrics that
transform as a contravariant tensor minus the number of space time metrics that transform as a
covariant tensor in OS . Examining the perturbative limit of a generic higher derivative term in

























where k labels the SO(n, n) automorphic forms that the En+1 automorphic form splits into in
the gd → 0 limit and ak, bk are constants that depend on the En+1 automorphic form. Thus,
demanding that the perturbative limit of this generic higher derivative term exists from a string
theory perspective means that the limit in the last line of (9.112) agrees with a perturbative
expansion in gd, this means that each term must be multiplied by a factor of the form g
−2+2n
d ,














where nk, the genus of the d dimensional perturbative contribution to the higher derivative term,
is a non-negative integer. Any suitable automorphic form should give an expansion in the effective
coupling gd that agrees with type II string theory in d dimensions with coefficient functions that
are SO(n, n) automorphic forms.
9.4.4 M-theory Limit
Type II string theory in d dimensions may be decompactified to eleven dimensional supergravity on
an (n+ 1) torus by taking the limit Vm →∞. In this limit the SL(n+1) symmetry of the M-theory
torus is manifest, so an arbitrary d dimensional higher derivative term in d = 10 − n dimensions
should permit an expansion in powers of the (n+ 1) torus Vm whose coefficient functions are
SL(n+ 1,Z) automorphic forms. One may express the volume of the M-theory torus Vm in terms
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of the E11 Chevalley basis fields. Making use of (9.54), we see that,
Vm = e
8−n
3 ϕ˙11 , (9.114)
so the M-theory limit Vm →∞ is equivalent to ϕ˙11 →∞. Taking ϕ˙11 →∞ corresponds to deleting
node n− 1 in the En+1 Dynkin diagram, as displayed in figure 21.
n+ 1
n
n− 1n− 2n− 321
Figure 21: Dynkin diagram for En+1 with node n− 1 deleted
This splits the En+1 algebra into a GL(1) × SL(n + 1) subalgebra. Taking the large volume
limit of the M-theory torus Vm →∞ then splits an En+1 automorphic form into a sum of GL(1)×
SL(n + 1) automorphic forms, where, from (9.114) we see that the abelian GL(1) factor gives a
power of the volume of the M-theory torus Vm.





where O is some polynomial in the curvature R, Cartan forms P or degree k field strengths Fk











where, in this case, a hat ˆ denotes an eleven dimensional field. Using (9.24) we may write the
d dimensional Planck length as a function of the eleven dimensional Planck length l11 and the
M-theory torus Vm, then examining the M-theory limit Vm → ∞ of a generic higher derivative















































where ck, dk are constants that depend on the En+1 automorphic form ΦEn+1 . Note that in the last
line we have made use of (9.116). The M-theory limit of this generic higher derivative term is valid
if the limit in the last line of (9.117) exists and is a sum of SL(n+ 1,Z) automorphic forms which
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agree with the scattering amplitudes of eleven dimensional quantum supergravity compactified on
Vm and vanish in the Vm → ∞ limit if the SL(n + 1,Z) automorphic form is not trivial, since
the higher derivative terms in the eleven dimensional supergravity theory cannot depend on the



















where aj ∈ R are constants and Oˆ is a polynomial in the eleven dimensional curvature Rˆ and the
four-form field strength Fˆ , while j labels the different eleven dimensional polynomials in the eleven
dimensional curvature Rˆ and field strengths Fˆ that arise in taking the M-theory limit of the d
dimensional polynomial in the curvature R, Cartan forms S and field strengths F .
9.4.5 IIA Volume Limit
Type IIA string theory in d = 10 dimensions possesses a global GL(1,R) symmetry. In this case the
scalar sector that parameterises the coset associated with the global GL(1,R) symmetry is trivial.
However, in the large volume limit Vn(A) →∞, one still requires that the higher derivative terms
in the effective action of the type IIA theory in d = 10 dimensions in string frame be multiplied by
a factor of e(−2+2g)φ where g is the genus of the d = 10 type IIA perturbative contribution.








where we have made use of equation (9.66). The volume of the IIA torus Vn(A) depends on the two
En+1 Chevalley fields ϕ˙10 and ϕ˙11 , since the IIA dilaton in d = 10 dimensions σ˜ is also a function
of the these two En+1 Chevalley fields, through σ˜ = − 32 ϕ˙10 + ϕ˙11, we must be careful to fix the
linear combination − 32 ϕ˙10 + ϕ˙11 of En+1 Chevalley fields while taking the limit (ϕ˙10 + 2ϕ˙11) to
preserve the IIA coupling gs(A) = e
σ˜ in the d = 10 type IIA theory. Taking (ϕ˙10 + 2ϕ˙11) → ∞
corresponds to deleting nodes n− 1 and n+ 1 in the En+1 Dynkin diagram, as displayed in figure
(22). This splits the En+1 algebra into a GL(1) × GL(1) × SL(n) subalgebra. Taking the large
n+ 1
n
n− 1n− 2n− 321
Figure 22: Dynkin diagram for En+1 with nodes n− 1 and n+ 1 deleted
volume limit Vn(A) →∞ splits an En+1 automorphic form into a sum of GL(1)×GL(1)× SL(n)
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automorphic forms, where, from (9.119) we see that the the abelian GL(1) factors give powers of
the volume of the IIA torus Vn(A) and the IIA string coupling gs(A).





where O is some polynomial in the curvature R, Cartan forms P or field strengths F .











where ˆ denotes a ten dimensional field. Examining the large volume limit of the IIA torus of a





























where we have made use of (9.121). The IIA limit of this generic higher derivative term is valid
if the limit in the last line of (9.122) exists and is a sum of SL(n,Z) automorphic forms that
vanish in the Vm →∞ limit if the SL(n,Z) automorphic form multiplying a decompactified higher
derivative term is not trivial, since the higher derivative terms in type IIA string theory in d = 10













where k labels the splitting of the En+1 automorphic form into trivial SL(n) automorphic forms
with different powers of the type IIA string coupling gs(A). The constants ak and bk depend on
ΦEn+1 and Oˆ is a polynomial in the type IIA d = 10 curvature Rˆ, Cartan forms Sˆ and field strengths
Fˆ , while j labels the different type IIA d = 10 dimensional polynomials in the type IIA d = 10
dimensional curvature Rˆ, Cartan form Sˆ and field strengths Fˆ that arise in the decompactification
of the d dimensional polynomial in the curvature R, Cartan forms S and field strengths F .
A further constraint is obtained by transforming the decompactified d = 10 higher derivative
terms to string frame. In string frame the d = 10 type IIA string theory effective action must agree
with a perturbative expansion in the type IIA string coupling gs(A), therefore one must find a
coefficient of the form g−2+2gs(A) for each decompactified higher derivative term, where g is the genus
of the perturbative contribution to the decompactified higher derivative term. The Einstein frame
metric gE is related to the string frame metric by gE = e
− 12 σ˜gS , upon rescaling to string frame one
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finds that the requirement that the decompactified type IIA higher derivative terms on the right
hand side of equation (9.123) have the correct dependence on the type IIA string coupling gs(A) to




















where ∆ˆj is the number d = 10 metrics that transform as a contravariant tensor minus the number




from transforming the factor
√−gˆ to string frame. Therefore from (9.124) we find that for a
decompactified type IIA higher derivative term to agree with a perturbative expansion in the type






∆ˆj = −2 + 2gkj , (9.125)
where gkj is the genus of the perturbative contribution for the polynomial in the type IIA curvature
R, Cartan forms P and field strengths F labelled by j.
9.5 Limits of the Unconstrained Eisenstein-like Automorphic Form
We will now evaluate the unconstrained automorphic form given in [40] in the five limits described
in the previous section. Four of these limits, the d dimensional perturbative limit gd → 0, the large
volume limit of the M-theory torus Vm → ∞, the decompactification of a single dimension limit
rd+1
ld
→∞ and the large volume limit of the IIB torus Vn(B) →∞ involve the deletion of a single
node of the En+1 Dynkin diagram. One may write down a general formulation of the limit of the
unconstrained automorphic form, in the case where taking a limit corresponds to deleting a single
node of the En+1 Dynkin diagram, and then examine each of these limits individually. However,
the fifth limit we consider, the large volume limit of the type IIA torus Vn(A) → ∞, involves
deleting two nodes of the En+1 Dynkin diagram. Although the techniques used in evaluating the
unconstrained automorphic form in the Vn(A) →∞ limit are similar to those used in the evaluation
of the other four limits, the deletion of an additional node slightly increases the complexity of the
calculation, so we will first examine the general formulation of the limits of the unconstrained
automorphic form involving the deletion of a single node of the En+1 Dynkin diagram before
evaluating the unconstrained automorphic form in the Vn(A) →∞ limit.
9.5.1 Evaluation of the Unconstrained Automorphic Form in a Single Deletion Limit
Generic higher derivative corrections in the effective action of Type II string theory, compactified
on an n-torus to d = 10 − n dimensions, are polynomials in the curvature R, Cartan forms S
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and degree k field strengths Fk multiplied by an automorphic form ΦEn+1 transforming under the
En+1 U-duality group. As described in chapter eight, one may construct an En+1 automorphic
form ΦEn+1 from the function |ϕ〉, which is defined by,
|ϕ〉 = L(g−1)|ψ〉 (9.126)
where L(g−1) is a representation of the coset element g ∈ En+1/H, H being the maximal compact
sub-group of En+1 and |ψ〉 is a linear representation of En+1(Z). Using the Iwasawa decomposition







~α>0 χ~αE~α , (9.127)
where ~H are the generators in the Cartan sub-algebra of En+1, in Weyl basis, and E~α are the
positive root generators, while χ~α are the axions and ~φ is a vector whose components are linear
combinations of the physical fields of type IIA/B string theory or M-theory, namely, the type IIA/B
dilaton, the n-torus volume modulus ρ and the remaining n or n− 1 moduli φ. Instead of writing
the coset element g ∈ En+1/K in terms of the type IIA, type IIB or M-theory physical fields we may
write it as a function of the En+1 Chevalley fields ϕ˙i, i = d+ 1, ..., n+ 1 parameterising the En+1
symmetry. The fields in the En+1 part of the E11 group element ϕ˙i are equal to those in the physical




used to construct the automorphic form, up to
a numerical factor. We find, through comparing the normalisations of the fields associated with the
Cartan subalgebra in the En+1 part of the E11 group element e
~ϕ. ~H and those in the automorphic




that φi = −
√
2ϕ˜i, where ϕ˜i are the En+1 Chevalley fields in Weyl
basis. So the coset element g ∈ En+1/K as a function of the En+1 fields ϕ˜i is
L(g−1) = e−~ϕ. ~He−
∑
~α>0 χ~αE~α , (9.128)
where ~ϕ = (ϕ˜1, ϕ˜2, ..., ϕ˜n+1). In Weyl basis, where the commutator of the Cartan subalgebra ele-
ments Hi with the positive root generators is [Hi, E~α] = ~αiE~α, the action of the Cartan subalgebra
~H on |ψ~Λk〉 is




where [~Λk] is the set of weights in the representation of En+1 with highest weight ~Λk. The Weyl
basis of En+1 fields ϕ˜i are related to the En+1 Chevalley basis fields ϕ˙a by ϕ˜i = ϕ˙aα
a
i , where
αai is the i’th component of the a’th simple root. We will denote the automorphic form that is
a function of the above non-linearly realised ~Λk representation of En+1 by ΦEn+1 (|ϕΛk〉). An
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(〈ϕDτ |ϕ〉)s , (9.130)
where the sum is over all states mi ∈ Z, i = 1, ..., N in the lattice Λ and 〈ϕDτ | is the twisted
Cartan involution of |ϕ〉. For more details on this construction of an automorphic form see [40].
We will now examine the behaviour of the automorphic form ΦEn+1 (|ϕλk〉) in these limits. As
discussed earlier, taking the limit in some physical parameter in type IIA/B string theory and
M-theory, in d dimensions corresponds to deleting a node in the En+1 Dynkin diagram. Upon
deleting node m, the En+1 algebra, that consists of the Cartan subalgebra Hi, i = 1, .., n+ 1, and
the positive root generators E~α splits into a subalgebra generating a GL(1) × A subgroup. The
En+1 Cartan subalgebra element Hm is the generator of the abelian GL(1) factor in the GL(1)×A
subgroup, while the remaining En+1 Cartan subalgebra generators Hi, i 6= m and the positive root
generators in
{
E~α : ~α.~Λm = 0
}
generate the A subgroup. For simplicity we will set the generators
E~α corresponding to the positive roots ~α satisfying ~α.Λm 6= 0 to zero, since one may show that
the fields that parameterise these generators are suppressed in the limits we are considering. In
general, the simple roots ~α of En+1 decompose as







where αk and λk denote the simple roots and fundamental weights (respectively) of the subalgebra
generating A, while x is fixed by requiring ~αm.~αm = 2 and the fundamental weight λj depends on











. Under this decomposition any highest weight representation of the group element











In this expression ϕ˜1 is the first component of the Weyl basis of En+1 fields which are related to the
En+1 Chevalley basis fields by ϕ˜i = ϕ˙aα
a
i , where α
a
i is the i’th component of the a’th simple root
and ϕ˙a is the a’th Chevalley basis field. One finds ϕ˜1 = xϕ˙m, so the highest weight representation
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where LA is a representation of the subgroup A, b is a constant that depends on the highest
weight representation of En+1, k ∈ Z is the level with respect to the ~αm simple root, l labels the
representations of A at level k and g−1A(k,l)(n,n) is the A coset element acting on a subset of the









|µi〉 vanishing between states |µi〉 and |µj〉 with different




















































Letting c be the number of representations of A contained in the highest weight representation of
En+1. We then split the sum over Λ into c sums, defining γ(q,r) to be all mi acted on by the group
element g−1A(q,r) of the representation labelled by the level q and representation label r (at level q),










9.5 Limits of the Unconstrained Eisenstein-like Automorphic Form
where
∑




























Now, in each sum over γq,r we perform a Poisson resummation over all mi acted on by the group
elements g−1A(p,w) of the representations labelled by the level p and representation labels w satisfying
p < q. If we let Mk be equal to the number of states in the highest weight representation of En+1
































































origin. Note that in most of the decompositions we consider the subalgebra group element gA(y,z) is
equal to one and in these cases
∏




































































is a symmetric matrix and the states |µi〉 are orthogonal, the
coefficient of all terms with mˆi 6= 0 is negative and thus vanish in the limit ϕ˙m → ∞. Therefore,
176
9.5 Limits of the Unconstrained Eisenstein-like Automorphic Form
























































where ΦA(q,r) is the automorphic form constructed out of the r’th representation of A at level q in
the decomposition of a highest weight representation of En+1. Writing the highest weight ΛΦ of
the representation used to construct the automorphic form ΦEn+1 as a linear combination of the
fundamental weights of En+1, ΛΦ =
∑n+1






where Λk(1) is the first component of the fundamental weight Λk.
Four of the limits we are interested in may now be evaluated by the deletion of the appropriate
node.
9.5.2 The Perturbative Limit
The perturbative limit, gd → 0, is found by deleting node n + 1 in the Dynkin diagram and
decomposing a representation of En+1 into representations of GL(1) × SO(n, n). Since gd =
e−2
(8−n)




d . The perturbative limit of the automorphic


























9.5.3 Large Volume Limit of the IIB Torus
The IIB volume limit, Vn(B) → ∞, is found by deleting node n in the Dynkin diagram and
decomposing a representation of En+1 into representations of GL(1) × SL(2) × SL(n). Since
Vn(B) = e
(8−n)




n(B). The IIB volume limit of the automorphic
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Writing the highest weight ~ΛΦ of the representation used to construct the automorphic form ΦEn+1
as a linear combination of the fundamental weights of En+1, ~ΛΦ =
∑n+1
k=1 ak
~Λk, where the coeffi-





n (8− n)ak +
5n− 8





9.5.4 Large Volume Limit of the M-theory Torus
The M-theory volume limit, Vm → ∞, is found by deleting node n − 1 in the Dynkin diagram
and decomposing a representation of En+1 into representations of GL(1) × SL(n + 1). Since
Vm = e
(8−n)




m . The M-theory volume limit of the





























9.5.5 Decompactification of a Single Dimension Limit
The decompactification of a single dimension limit, rd+1ld , is found by deleting node 1 in the Dynkin











































9.5.6 Evaluation of the Large Volume Limit of the IIA Torus
The large volume limit of the IIA torus Vn(A) →∞, involves the deletion of nodes 10 and 11 of the
E11 Dynkin diagram. The En+1 algebra made up of the Cartan subalgebra, Hi, i = 1, 2, ..., n+ 1
and the positive root generators E~α splits into a subalgebra generating a GL(1)×GL(1)× SL(n)
subgroup. Two En+1 Cartan subalgebra generators, H1 and H2, generate the abelian GL(1) factors
while the remaining En+1 Cartan subalgebra generators Hi, i = 3, ..., n+ 1 and the En+1 positive
root generators lying in the set
{
E~α : ~α.~Λn−1 = ~α.~Λn+1 = 0
}
generate the SL(n) subgroup. Details
of the decomposition of the En+1 algebra with respect to the GL(1)×GL(1)× SL(n) subalgebra
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found by deleting nodes 10 and 11 in the E11 Dynkin diagram are given in appendix D.5. The
simple roots ~α of En+1 decompose as



















where λk denotes the simple roots and fundamental weights of the subalgebra generating the SL(n)
subgroup. One finds x2 = 8−n4 and y

































4 we find that x
2 = 8−n4 . Under this



















In this expression ϕ˜1 and ϕ˜2 are the first and second components, respectively, of the Weyl basis of
En+1 fields which are related to the En+1 Chevalley basis fields by ϕ˜i = ϕ˙aα
a
i , where α
a
i is the i’th
component of the a’th simple root and φa is the a’th Chevalley basis field and Hk are the Cartan
subalgebra generators in Weyl basis that satisfy the commutation relations [Hk, E~α] = ~αkE~α with
the positive root generators E~α. One finds ϕ˜1 = xϕ˙10 and ϕ˜2 = −λn−2.λn−1y ϕ˙10 + yϕ˙11, so the
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One then finds


























where b1 and b2 are constants that depend on the highest weight representation of En+1, k1 and k2
are the levels with respect to the ~αn+1 and ~αn−1 simple roots, respectively, and l labels the repre-
sentations of SL(n) at level (kn−1, kn+1), while g−1A(k,l)(n,n) is the SL(n) coset element acting on a
subset of the En+1 lattice states. The splitting of the u into a sum over levels k is a consequence of




g−1A(k,l) |µi〉 vanishing between states |µi〉 and |µj〉 with different
H1 eigenvalues.




(〈ϕ|ϕ〉)s We will eval-
uate this automorphic form in a similar way to that constructed out of a highest weight En+1
representation with a single deleted node, by splitting the sum over Λ into c sums, where c is the
number of SL(n) representations contained in the highest weight representation of En+1 represen-
tation, then in all c sums we perform a Poisson resummation over the integers mi acted on by
coset elements g−1SL(n)(q1,q2)
appearing at all levels lower than the maximum level appearing in that
sum. However, since we have deleted two nodes there is an obvious ambiguity in the ordering of
the levels (k1, k2). We will define an ordering such that (q1, q2) ≤ (k1, k2) if q1 + 2q2 ≤ k1 + 2k2,
this ordering ensures, after Poisson resummation and a redefinition of the integration variable t (in
the same vein as the single deletion procedure) in each sum, that terms with mˆi 6= 0, in the sum
over the Poisson resummed lattice, vanish in the large volume limit of the IIA torus Vn(A) → ∞


































M(p1,p2)(− 34 (q1−p1)+ 12 (q2−p2))
s(A) ΦSL(n)(q1,q2,r) ,
(9.155)
where M(p1,p2) is the number of states at level (p1, p2) in the highest weight representation of En+1
and ΦSL(n)(q1,q2,r) is the automorphic form constructed out of the r’th representation of SL(n) at
level (q1, q2) in the decomposition of a highest weight representation of En+1. The constants A
and B are related to the highest weight representation used to construct the En+1 automorphic
form. Writing the highest weight ~ΛΦ of the representation used to construct the automorphic form
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5n− 8














9.6 5 of SL(5) with Highest Weight ~Λn+1
We will examine the automorphic form ΦEn+1 constructed out of the coset element g ∈ SL(5)/SO(5)
in the representation of SL(5) with highest weight ~Λn+1. This is the well known automorphic form
that appears as the coefficient function of the R4 and ∂4R4 higher derivative terms in d = 7 di-
mensions. Through taking the five limits, discussed in the previous section, we will find conditions
under which this automorphic form could exist as a coefficient function for a higher derivative
term.
9.6.1 Perturbative Limit
In the perturbative limit we delete node n+1, this leaves us with a GL(1)×SO(n, n) decomposition
of the group element g ∈ SL(5)/SO(5). Table 4 gives the decomposition of this highest weight
representation with respect to the GL(1) × SO(n, n) subgroup and the quantities relevant to the
construction of the automorphic form in this limit.
A generic higher derivative term in the d = 7 action with coefficient function that is an invariant










































where Φλk(r) is the automorphic form constructed out of the representation of SO(n, n) with
highest weight λk and (r) is the dimension of this highest weight representation. Demanding that










s− 1 + 4∆− 14
5
= −2 + 2m1, (9.160)
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p<q (q − p)Mp 0 1
Table 4: Decomposition of the 5 of SL(5) in the perturbative limit










Thus, a higher derivative term in d dimensions may pick up perturbative contributions at m0
loops and m1 loops if ∆, the number of inverse space time metrics minus space time metrics in a
polynomial of d dimensional curvature R, Cartan forms P and field strengths F , satisfies (9.162).
One immediately sees that m0 must be an even integer, since ∆ ∈ Z is a non-negative integer.
These conditions are consistent with the conjectured appearance of this unconstrained invariant
automorphic form ΦΛn+1 as the coefficient function of the R
4 term in d = 7 type II string theory
which picks up tree level and one loop perturbative contributions, in this case one finds m0 = 0,
m1 = 1, which gives s =
3
2 and ∆ = 4, as expected. Similarly, the ∂
4R4 term in d = 7 has
∆ = 6, from our conditions (9.161), (9.162), the only possible perturbative contributions to a
higher derivative term with this automorphic form and ∆ = 6 are given at tree level and two
loops, this leads to s = 52 , which agrees with known results. So, in general, one finds that a higher
derivative term in d dimensions that is the product of a polynomial in the curvature R, Cartan forms
S and field strengths F contracted with ∆ inverse space time metrics minus space time metrics
and an invariant unconstrained automorphic form ΦSL(5) constructed out of the representation of
SL(5) with highest weight ~Λn+1 is consistent with a perturbative expansion, where it may pick up
contributions at m0 and m1 loops, for m0 an even integer, s satisfying (9.161) and ∆ satisfying
(9.162). It is interesting to note that the ∂6R4 term, where ∆ = 7, with this automorphic form
appears to be consistent with a perturbative expansion if m0 = m1 = 2 and s =
1
2 .
9.6.2 Large Volume limit of the IIB Torus
In the large volume limit of the IIB torus we delete node n, this leaves us with a GL(1)×SL(2)×
SL(n) decomposition of the group element g ∈ SL(5)/SO(5). Table 5 gives the decomposition of
this highest weight representation with respect to the GL(1) × SL(2) × SL(n) subgroup and the
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(q,r) (0,1) (1,1)
SL(2)× SL(n) (µ, 0) (0, λ1)
d 2 3∑
p<qMp 0 2∑






p<q (q − p)Mp 0 2
Table 5: Decomposition of the 5 of SL(5) in the IIB volume limit
quantities relevant to the construction of the automorphic form in this limit.
A generic higher derivative term in the d = 7 action with coefficient function that is an un-
constrained Eisenstein-like automorphic form constructed out of the representation of SL(5) with
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where a is a non-negative integer, Φ(aµ,λk)(r)
is the automorphic form constructed out of the
representation of SL(2) × SL(n) with highest weight (aµ, λk) and (r) is the dimension of this
highest weight representation. The analytic terms in the expansion in powers of Vn(B) of this
generic higher derivative term, satisfy the following conditions in the large volume limit of the IIB
torus Vn(B) →∞,
4s− l + 2 ≤ 0, (9.164)
and
−4s− 3l + 26 < 0, (9.165)
where l is a non-negative integer. One may substitute for s (from (9.161)) in the above conditions
to obtain conditions on the number of derivatives as a function of the loop orders m0 and m1 at
which this higher derivative term picks up perturbative contributions





(m0 −m1) + 8. (9.167)
Thus, the large volume limit of the IIB torus Vn(B) → ∞ constrains the analytic terms in an
expansion of an arbitrary higher derivative term in the d = 7 effective action of type IIA/B string
theory and M-theory in powers of the volume of the type IIB torus Vn(B) to satisfy the equations
(9.166) and (9.167), relating the loop order m0 and m1 of the perturbative contributions to the
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number of derivatives l in the higher derivative term.
9.6.3 Large Volume Limit of the M-theory Torus
In the large volume limit of the M-theory torus we delete node n − 1, this leaves us with a
GL(1) × SL(n + 1) decomposition of the group element g ∈ SL(5)/SO(5). Table 6 gives the
decomposition of this highest weight representation with respect to the GL(1)×SL(n+1) subgroup
and the quantities relevant to the construction of the automorphic form in this limit.
A generic higher derivative term in the d = 7 action with coefficient function that is an invariant





































where Φλk(r) is the automorphic form constructed out of the representation of SL(n + 1) with
highest weight λk and (r) is the dimension of this highest weight representation. The analytic
terms in an expansion in powers of Vm of the unconstrained Eisenstein like higher derivative
term constructed from the representation of SL(5) with highest weight ~Λn+1 satisfy the following












s+ 3 ≤ 0, (9.170)
where l is a non-negative integer. One may substitute for s (from (9.161)) in the above conditions
to obtain conditions on the number of derivatives as a function of the loop orders m0 and m1 at







(m1 −m0) , (9.171)
and
l ≥ 14− 6 (m0 −m1) . (9.172)
Thus, the large volume limit of the M-theory torus Vm → ∞ constrains the analytic terms in an
expansion of an arbitrary higher derivative term in the d = 7 effective action of type IIA/B string
theory and M-theory in powers of the volume of the M-theory torus Vm to satisfy the equations
(9.171) and (9.172), relating the loop order m0 and m1 of the perturbative contributions to the
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(q,r) (0,1) (1,1)
SL(n+ 1) λ3 0
d 4 1∑
p<qMp 0 4∑






p<q (q − p)Mp 0 2
Table 6: Decomposition of the 5 of SL(5) in the M-theory limit
number of derivatives l in the higher derivative term.
9.6.4 Decompactification of a Single Dimension Limit
In the decompactification of a single compact dimension limit we delete node 1, this leaves us with
a GL(1)×SL(2)×SL(3) decomposition of the group element g ∈ SL(5)/SO(5). Table gives 7 the
decomposition of this highest weight representation with respect to the GL(1) × SL(2) × SL(3)
subgroup and the quantities relevant to the construction of the automorphic form in this limit.
A generic higher derivative term in the d = 7 action with a coefficient function that is an
invariant unconstrained automorphic form constructed out of the representation of SL(5) with
















































where Φaµ,λk(r) is the automorphic form constructed out of the representation of SL(2)×SL(3) with
highest weight (µ, λk) and (r) is the dimension of this highest weight representation. The analytic
terms in an expansion in powers of rd+1ld+1 of the unconstrained Eisenstein-like higher derivative
term constructed from the representation of SL(5) with highest weight ~Λn+1 satisfy the following












s+ 3 ≤ 0, (9.175)
where l is a non-negative integer. One may substitute for s, from (9.161), in the above conditions
to obtain conditions on the number of derivatives as a function of the loop orders m0 and m1 at
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(q,r) (0,1) (1,1)
SL(2)× SL(3) (0, λ2) (µ, 0)
d 3 2∑
p<qMp 0 3∑






p<q (q − p)Mp 0 3
Table 7: Decomposition of the 5 of SL(5) in the decompactification of a single dimension limit
which this higher derivative term picks up perturbative contributions
l ≥ 4 + 4 (m1 −m0) , (9.176)
and
l ≥ 14− 6 (m1 −m0) . (9.177)
Therefore, the decompactification of a single dimension limit rd+1ld+1 → ∞ constrains the analytic
terms in an expansion of an arbitrary higher derivative term in the d = 7 effective action of type
IIA/B string theory and M-theory in powers of the volume of the M-theory torus rd+1ld+1 to satisfy the
equations (9.176) and (9.177), relating the loop order m0 and m1 of the perturbative contributions
to the number of derivatives l in the higher derivative term.
9.6.5 Large Volume Limit of the IIA Torus
In the large volume limit of the IIA torus we delete nodes n − 1 and n + 1, this leaves us with a
GL(1)×GL(1)× SL(n) decomposition of the group element g ∈ SL(5)/SO(5). Table 8 gives the
decomposition of this highest weight representation with respect to the GL(1)×GL(1)×SL(n+1)
subgroup and the quantities relevant to the construction of the automorphic form in this limit.
A generic higher derivative term in the d = 7 action with coefficient function that is an invariant



























































where Φλk(r) is the automorphic form constructed out of the representation of SL(n) with highest
weight λk and (r) is the dimension of this highest weight representation. The analytic terms in an
expansion in powers of Vn(A) of the unconstrained Eisenstein like higher derivative term constructed
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(q1, q2, r) (0,0,1) (1,0,1) (1,1,1)
SL(n) 0 λ2 0
d 1 3 1∑
(p1,p2)<(q1,q2)
Mp1,p2 0 1 4∑
(p1,p2)<(q1,q2)
p1M(p1,p2) 0 0 3∑
(p1,p2)<(q1,q2)
p2M(p1,p2) 0 0 0
An+1 − 1nq1 − 2nq2 25 115 − 35
Bn+1 +
3
4q1 − 12q2 − 12 14 − 14∑
(p1,p2)<(q1,q2)
1
n ((q1 + 2q2)− (p1 + 2p2))M(p1,p2) 0 13 3∑
(p1,p2)<(q1,q2)
1
4 ((2q2 − 3q1)− (2p2 − 3p1))M(p1,p2) 0 − 34 54
Table 8: Decomposition of the 5 of SL(5) in the type IIA volume limit
from the representation of SL(5) with highest weight ~Λn+1 satisfy the following conditions in the





















s+ 3 ≤ 0, (9.181)
where l is a non-negative integer. One may substitute for s in the above conditions to obtain
conditions on the number of derivatives as a function of the loop orders m0 and m1 at which this
higher derivative term picks up perturbative contributions
l ≥ 4 + 4 (m1 −m0) , (9.182)
l > 4 +
2
3
(m1 −m0) , (9.183)
and
l ≥ 12− 6 (m1 −m0) , (9.184)
So, we see that the large volume limit of the IIA torus Vm →∞ constrains the analytic terms in an
expansion of an arbitrary higher derivative term in the d = 7 effective action of type IIA/B string
theory and M-theory in powers of the volume of the type IIA torus Vn(A) to satisfy the equations
(9.182), (9.183) and (9.184), relating the loop order m0 and m1 of the perturbative contributions
to the number of derivatives l in the higher derivative term.
Transforming to string frame in the d = 10 type IIA theory, where the Einstein frame metric
gE is related to the string frame metric gs by gE = e
1
2φgs. One finds that, in the large volume
limit of the type IIA torus, a generic higher derivative term in the d = 7 type IIA/B or M-theory
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effective action with an unconstrained Eisenstein-like automorphic form constructed from the 5 of





















































Equation (9.185) must agree with a perturbative expansion in gs(A). Therefore, for all analytic
terms that do not vanish in the large volume limit of the type IIA torus we require
∆− 5
2









= −2 + 2k1, (9.187)
where k0 and k1 are non-negative integers. Note that we expect the second term in equation (9.185)
to vanish in the large volume limit of the type IIA torus since it explicitly depends on the torus
moduli φ.
9.7 133 of E7 with Highest Weight ~Λn+1
We will examine the automorphic form ΦEn+1 constructed out of the coset element g ∈ E7/SU(8)
in the representation of E7 with highest weight ~Λn+1. This unconstrained automorphic form is not
known to be the coefficient function of any higher derivative terms in d = 4 dimensions. Through
taking the perturbative limit, we will see that the unconstrained Eisenstein-like automorphic form
constructed from the representation of E7 with highest weight ~Λn+1 does not agree with a pertur-
bative expansion in gd for any higher derivative term in d = 4 dimensions.
9.7.1 Perturbative Limit
In the perturbative limit we delete node n+1, this leaves us with a GL(1)×SO(n, n) decomposition
of the group element g ∈ SL(5)/SO(5). Table 9 gives the decomposition of this highest weight
representation with respect to the GL(1) × SO(n, n) subgroup and the quantities relevant to the
construction of the automorphic form in this limit.
A generic higher derivative term in the d = 4 action with coefficient function that is an invariant
unconstrained automorphic form constructed out of the representation of E7 with highest weight
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(q,r) (0,1) (1,1) (2,1) (2,2) (3,1) (4,1)
SO(n,n) 0 λ6 0 λ2 λ6 0
d 1 32 1 66 32 1∑
p<qMp 0 1 33 33 100 132∑




2 1 0 0 -1 -2∑
p<q (q − p)Mp 0 1 34 34 134 266



























































where Φλk(r) is the automorphic form constructed out of the representation of SO(n, n) with
highest weight λk and (r) is the dimension of this highest weight representation. Demanding that
this generic higher derivative term agrees with a perturbative expansion in gd gives the conditions
2∆− 4− 4s = −2 + 2m0, (9.189)
2∆− 4− 2s− 1 = −2 + 2m1, (9.190)
2∆− 4− 34 = −2 + 2m2, (9.191)
2∆− 4 + 2s− 134 = −2 + 2m3, (9.192)
2∆− 4 + 4s− 266 = −2 + 2m4, (9.193)
where m0,m1,m2,m3,m4 are non-negative integers. Adding equations (9.190) and (9.192) one
finds
∆ =
2 (m1 +m3) + 139
4
. (9.194)
We then observe that the numerator of the right hand side of equation (9.194) is an odd number
for any m1 and m3 and therefore is never divisible by 4, since we cannot have a non-integer ∆
we see that the unconstrained Eisenstein-like automorphic form constructed from the 133 of E7 is
not an acceptable coefficient function for any higher derivative term in the effective action of type
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IIA/B string theory and M-theory in d = 4 dimensions.
9.8 248 of E8 with Highest Weight ~Λ1
We will examine the automorphic form ΦEn+1 constructed out of the coset element g ∈ E8/SO(16)
in the representation of E8 with highest weight ~Λ1. This automorphic form has rarely been con-
sidered in the literature and does not appear as the coefficient function of the known R4, ∂4R4
higher derivative terms in d = 3 dimensions. We will evaluate the perturbative limit gd → 0 to
find conditions under which this automorphic form could exist as a coefficient function for a higher
derivative term.
9.8.1 Perturbative Limit
In the perturbative limit we delete node n+1, this leaves us with a GL(1)×SO(n, n) decomposition
of the group element g ∈ E8/SO(16). Table 10 gives the decomposition of this highest weight
representation with respect to the GL(1) × SO(n, n) subgroup and the quantities relevant to the
construction of the automorphic form in this limit.
A generic higher derivative term in the d = 3 action with coefficient function that is an invariant




















































where Φλk(r) is the automorphic form constructed out of the representation of SO(n, n) with
highest weight λk and (r) is the dimension of this highest weight representation. Demanding that
this generic higher derivative term agrees with a perturbative expansion in gd gives the conditions
4∆− 6− 4s = −2 + 2m0, (9.196)
4∆− 6− 2s− 14 = −2 + 2m1, (9.197)
4∆− 6− 142 = −2 + 2m2, (9.198)
4∆− 6 + 2s− 312 = −2 + 2m3, (9.199)
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(q,r) (0,1) (1,1) (2,1) (2,2) (3,1) (4,1)
SO(n,n) λ1 λn−1 0 λ2 λn−1 λ1
d 14 64 1 91 64 14∑
p<qMp 0 14 78 78 170 234∑




2 1 0 0 -1 -2∑
p<q (q − p)Mp 0 14 142 142 312 546
Table 10: Decomposition of the 248 of E8 in the perturbative limit
4∆− 6 + 4s− 546 = −2 + 2m4, (9.200)









(71 +m2 −m0) , (9.202)
Thus, a higher derivative term in d = 3 dimensions may possess the unconstrained Eisenstein-
like automorphic form constructed from the 248 of E8 as a coefficient function if ∆ ≥ 37 since
m2 is a non-negative integer. The value of s of the automorphic form in this case is given in
equation (9.202). This is consistent with the known results for the R4 and ∂4R4 terms in the
d = 3 effective action, with ∆ = 4 and ∆ = 6 respectively, that do not possess this automorphic
form as a coefficient function. For higher order terms in the d = 3 effective action constructed
from a number of inverse space time metrics minus space time metrics ∆ satisfying ∆ ≥ 37 one
could find that this automorphic form appears as the coefficient function. It should be noted that
very little is known about higher derivative terms with ∆ ≥ 37 therefore it is not clear how the
remaining decompactification limits considered in this chapter could lead to further conditions on
higher derivative terms that could possess this automorphic form as a coefficient function.
9.9 Conclusion
In this chapter we have shown that the parameters in the effective actions of type IIA/B string
and M-theory dimensionally reduced on a torus to d = 10− n dimensions are naturally associated
with certain nodes of the Dynkin diagram that encodes the En+1 symmetry. In particular, the
d dimensional coupling gd depends purely on the En+1 Chevalley field ϕ˙10, see equation (9.42),
corresponding to node n+ 1 in the En+1 Dynkin diagram given in figure 23. While from equations
(9.41) and (9.54) we see that the volume of the torus from the type IIB and M-theory perspectives
corresponds to node n and n − 1 respectively. Equation (9.66) demonstrates that the volume of
the torus from the type IIA view point may be written as the exponential of a linear combination
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of the En+1 Chevalley fields ϕ˙10 and ϕ˙11, corresponding to nodes n− 1 and n+ 1. The ratio of the
radius of the torus in the d+ 1 direction rd+1 to the d dimensional Planck length may be written
in terms of the En+1 Chevalley field ϕ˙d+1, as we from equation (9.43), and corresponds to node 1.
n+ 1
n
n− 1n− 2n− 321
Figure 23: Dynkin diagram for En+1
The parameters in the effective actions of type IIA/B string and M-theory in d = 10 − n di-
mensions can therefore be given a group theoretical interpretation.
It follows that for a limit in a given parameter one naturally deletes the node (or nodes) corre-
sponding to this parameter to decompose the En+1 algebra in terms of the resulting subalgebra.
The En+1 automorphic forms are then expected to reduce to an expansion in this parameter with
coefficient functions that are automorphic forms transforming under the group generated by the
subalgebra in this limit. Higher derivative terms in the effective action of type IIA/B string theory
are then required to agree with the known properties of type IIA/B string theory and M-theory in
each of these limits.
The interpetation of the Chevalley fields of En+1 in terms of the parameters in the effective
actions of type IIA/B string and M-theory in d = 10 − n dimensions allows us to write down a
general expression for the unconstrained Eisenstein-like automorphic form in each limit. The anal-
ysis of the unconstrained Eisenstein-like automorphic form constructed from the representation
of SL(5) with highest weight ~Λn+1 demonstrates that it is possible that this automorphic form
could appear as a coefficient function for higher derivative terms satisfying certain conditions in
the d = 7 effective action beyond the known R4 and ∂4R4 terms. The weak coupling limit gd → 0
of the unconstrained Eisenstein-like automorphic form constructed from the representation of E7
with highest weight ~Λn+1 shows that this automorphic form is not compatible with a perturbative
expansion in gd for any higher derivative term and therefore can not appear as the coefficient
function for any higher derivative term in d = 4 dimensions. The weak coupling limit gd → 0
of the unconstrained Eisenstein-like automorphic form constructed from the representation of E8
with highest weight ~Λ1 suggests that this automorphic form could be a valid coefficient function
for terms at a high enough order in the effective action, in particular for those terms satisfying
equation (9.201).
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A Formulae and Identities
This section of the appendix contains additional formulae for performing the analysis of the auto-












−1( ~ˆm+~b)+2pii( ~ˆm+~b)·~a, (A.1)
where ~m, ~a, ~b, ~ˆm are N vectors with integer entries and A is an N ×N matrix.




































Γ(λ+ l + 12 )
Γ(l + 1)Γ(λ− l + 12 )
. (A.5)
A.2 Identities
Let Bij and Cij be the components of the dimensionally reduced NS-NS and R-R type IIB two-form
gauge fields, transforming under SL(3,R) as
Bij → U(g0)Bij = D (g0)i kD (g0)j lBkl, (A.6)
Cij → U(g0)Cij = D (g0)i kD (g0)j lCkl, (A.7)
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and Ai be the components of the graviphoton field which transform under SL(3,R) as






where the group elements D (g0) are in the 3 of SL(3,R) and Roman letters denote three dimen-
sional SL(3,R) indices. Defining Bm = 12
mrsBrs, C
n = 12
mrsCrs and Amn = mniA
i, where mrs
are the components of the completely antisymmetric tensor  and mni are the components of 
lowered with the SL(3,R) metric on the torus g.












where we have used the general identity i1...iqk1...kpj1...jqk1...kp = p!q!δ
i1...iq
j1...jq
for the product of two







For the second, consider the object
lmnA
lBmCn. (A.10)








































Note that these identities also hold for similarly defined gauge fields transforming under SO(3,R).
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B Lie Groups, Lie Algebras and Non-linear Representations
Lie groups and their Lie algebras play a prominent role in describing the symmetries and dualities
of string theory. This section of the appendix outlines the basic theory and central results of
Lie groups, Lie algebras and their representations, relevant to our methods of investigating the
effective actions of type IIA/B string theory and M-theory. In particular, we highlight the classical
and exceptional Lie algebras that generate the U-duality group of dimensionally reduced type
IIA/B string theory and M-theory and explain how one may formulate these theories as non-linear
realisations of the U-duality group. The reader may consult references [88,89] for a more complete
treatment of the topic.
B.1 Group Theory
A group G is a set of elements and a binary composition law ◦ : G × G → G, known as group
multiplication, that satisfies the following axioms:
• Closure - Group multiplication is closed, that is, for all a, b ∈ G, a ◦ b ∈ G.
• Associativity - Group multiplication is associative, for all a, b, c ∈ G,
(a ◦ b) ◦ c = a ◦ (b ◦ c) = a ◦ b ◦ c. (B.1)
• Identity - There exists an identity element e ∈ G, such that, for all a ∈ g,
a ◦ e = e ◦ a = a. (B.2)
• Inverse - For every element a ∈ G, there is an an inverse element, a−1 ∈ G such that,
a ◦ a−1 = a−1 ◦ a = e. (B.3)
Intuitively one may think of a Lie group as a continuous group that is also an n dimensional
differentiable manifold. The following definition formalises this notion. A Lie group G is a
differentiable manifold with a group structure such that the group multiplication operation ◦ :
G × G → G, (a, b) → (a ◦ b), and the group inverse operation −1 : G → G, g → g−1, are
differentiable. One should note that group multiplication need not be commutative. In general,
for a, b ∈ G, one has a ◦ b 6= b ◦ a. A group that satisfies a ◦ b = b ◦ a for all a, b ∈ G is known as an
abelian group. A group for which a ◦ b 6= b ◦ a for any elements a, b ∈ G is a non-abelian group.
A trivial example is the set R with group multiplication taken to be addition. Since the group
multiplication and inverse operations are differentiable and the addition of any two real numbers
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is a commutative operation, R is an abelian Lie group when we define the group multiplication
operation to be addition.
B.1.1 Subgroups and Cosets
One may also consider the restriction of a group to a subset of the elements in G with the same
multiplication law, this leads us to the concept of a subgroup. A subgroup H of a group G is a
subset of G that satisfies the group axioms under the same group multiplication law as G. The
identity element e for a subgroup H of G is necessarily the same identity element as that for the
group G. For any group G, the subgroup e and G always exist and are trivial subgroups. If a
subgroup H of G is neither e nor G then it is a proper subgroup. A subgroup H of a group G
is a normal subgroup of G, if ghg−1 ∈ H for all g ∈ G and h ∈ H.
Given a subgroup H of G one may define a coset. Let G be a group and H a subgroup of
G. For a, b ∈ G, define an equivalence relation ∼ by, a ∼ b if there exists an h ∈ H such that
a ◦ h = b the equivalence class [a] = {a ◦ h|h ∈ H} is a (right) coset. One may similarly define a
(left) coset by taking the subgroup element h ∈ H to act on a ∈ G from the left, the equivalence
class [a] = {h ◦ a|h ∈ H} is then a (left) coset. If a group G is abelian then left and right cosets
of G are equivalent. The set of all cosets for a given group G and subgroup H is a quotient
space, denoted G/H. In general, for a group G and an arbitrary subgroup H the quotient space
G/H does not possess a group structure. The quotient space G/H constructed from a group G
and a normal subgroup H is a quotient group with a group multiplication operation given by
[a] ◦ [b] = [ab], for [a], [b] ∈ G/H.
B.1.2 Representations of a Group
So far we have considered groups at an abstract level, however in most situations one is interested
in a representation of a group acting on a set. A representation of a group G is a homomorphism
φ : G → S from G to a set of maps S on a set X. By definition, the homomorphism property
of the representation preserves the group structure of G that is, if a, b ∈ G and φ : G → S is a
representation of G, then φ(a) ◦ φ(b) = φ (a ◦ b). A representation φ : G → S of a group G is a
faithful representation if φ is an isomorphism. While a representation φ : G→ S of a group G is
an unfaithful representation if φ is a many-to-one homomorphism. A linear representation of
a group G is a homomorphism φ : G → S where the set S of maps on X are linear maps. Most
groups appear as linear representations in physics. For example, the gauge fields of type IIA/B
string theory and M-theory dimensionally reduced to d = 10 − n dimensions transform as linear
representations of the En+1(Z) U-duality group.
A particular case of interest to us is when a group G is a matrix group. A matrix group
is a group G where elements of the group are invertible matrices M over a field K and group
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multiplication is given by matrix multiplication. A simple example of a matrix group is the general
linear group GL(n,R), defined to be the set of n×n invertible matrices with real entries. In fact all
matrix groups are a subgroup of some general linear group. Others we will encounter in this thesis
are the special linear group SL(n,R) of n × n dimensional matrices with real entries, satisfying
det(g) = 1, for all g ∈ SL(n,R) and the orthogonal group O(n,R) of n × n dimensional matrices
with real entries, with all elements g ∈ O(n,R) satisfying g ◦ gT = I, where gT is the transpose of
g.
Note that in the rest of this thesis, the group multiplication operation ◦ : G×G→ G is denoted
by g1 ◦ g2 = g1g2 for any g1, g2 ∈ G.
B.2 Lie Groups and Lie Algebras
Our principal interests are the classical and exceptional Lie groups. These are matrix Lie groups
which are closed subroups of GL(n,C) for some n. In particular we will investigate these Lie groups
at the level of the Lie algebra, as one often does. A Lie algebra g over a field K is a vector space
with a Lie bracket operation [ , ] : g× g→ g that satisfies the following properties
1. Antisymmetry - The Lie bracket is antisymmetric for all X,Y ∈ g
[X,Y ] = − [Y,X] . (B.4)
2. Bilinearity - The Lie bracket is bilinear for all X,Y, Z ∈ g and a, b ∈ K
[X, aY + bZ] = a [X,Y ] + b [X,Z] ,
[aY + bZ,X] = a [Y,X] + b [Z,X] .
(B.5)
3. The Jacobi identity - The Jacobi identity holds for all X,Y, Z ∈ g
[[X,Y ] , Z] + [[Y, Z] , X] + [[Z,X] , Y ] = 0. (B.6)
For an abelian Lie algebra, [Xi, Xj ] = 0 for all Xi, Xj ∈ g. The rank of a Lie algebra is the
number of linearly independent elements in the maximal set of commuting generators h, satisfying
[Xi, Xj ] = 0, for all Xi ∈ h, in other words the rank of a Lie algebra g is the number of elements in
the maximal abelian subalgebra. In this thesis we will restrict out attention to the case where the
field K is either R or C. To relate Lie algebras to Lie groups we will need to define the exponential
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one may show that this series always converges. The Lie algebra g of a matrix Lie group G is
then the set of all matrices X satisfying etX ∈ G, for all t ∈ R. So, we find that exponentiating a
Lie algebra X ∈ g element of a matrix Lie group G gives a group element in G, this is known as
the exponential map. However, one should note that the exponential map from a Lie algebra to a
matrix Lie group is not necessarily one-to-one or onto.
At an abstract level the Lie algebra g of a Lie group G is simply a set of elements X ∈ g,
with a Lie bracket operation that satisfies the antisymmetry and bilinearity axioms along with
the Jacobi identity. In the same vein as taking a representation of a group, one may similarly
consider representations of a Lie algebra. A representation of a Lie algebra g is a homomorphism
φ : g → gln from g to a set of maps gln on an n dimensional vector space V . The general linear
algebra gln is the set of all linear operators on an n dimensional vector space V .
B.2.1 The Killing Metric
Any Lie algebra g with elements Xi ∈ g, i = 1, .., d where d is the dimension of the Lie algebra,
satisfies





for some structure constants fij
k. The structure constants are antisymmetric in their subscript







m = 0, (B.9)
these properties are both inherited from the definition of the structure constants in terms of the Lie
algebra commutator. If the structure constants for a complex Lie algebra with a given basis are real
then one has a real form of a complex Lie algebra. In general there may be more than one real form
of a complex Lie algebra. For instance, the Lie algebras sl(n,R) = {X ∈ gl (n,R) : TrX = 0} and
su(n,R) = {X ∈ sl (n,C) : X∗ +X = 0} are both real forms of the complex Lie algebra sl(n,C) =
{X ∈ gl (n,C) : TrX = 0} for n ≥ 2, where X∗ is the Hermitian conjugate of X.
Having defined the structure constants of a Lie algebra g one may look to construct a metric on
this algebra. First, for X ∈ g consider the adjoint map X → adX, which for all Y ∈ g, is defined
by
X → adX(Y ) := [X,Y ] . (B.10)
The adjoint map, takes any element in the Lie algebra g and returns a linear transformation on
g defined through the Lie bracket. In fact the set of maps of the form adX, for X ∈ g form a
representation of the Lie algebra g known as the adjoint representation. To confirm that this is
indeed a representation of g one must check that the set of maps adX, for all X ∈ g, preserve the
commutation relations of the Lie algebra g. Suppose X,Y, Z ∈ g satisfy [X,Y ] = Z, for any U ∈ g
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we then have
[adX, adY ] (U) = [X, [Y, U ]]− [Y, [X,U ]]
= [X, [Y, U ]] + [Y, [U,X]]
= − [U, [X,Y ]]
= [[X,Y ] , U ]
= [Z,U ]
= adZ (U) ,
(B.11)
where we have made use of the Jacobi identity (B.6). So, the set of maps adX, for all X ∈ g,
preserve the commutation relations of the Lie algebra g and thus form a representation of g.
The adjoint representation of a Lie algebra g may be used to define a metric on g. For a finite




Tr (adXi, adXj) , (B.12)
for a ∈ C, is the Killing metric on g. The constant a may be chosen to simplify expressions which
corresponds to a scaling of the elements of the Lie algebra g. The Killing metric is independent
of the basis chosen for the adjoint representation of g. For any Lie algebra g, one may write the
components Bij of the Killing metric on g in terms of the structure constants fij
k. The components




B.2.2 Simple and Semi-Simple Lie Algebras
To define the simple and semi-simple Lie algebras, that contain the Lie algebras of the classical
and exceptional Lie groups, we must first tie down the concept of an ideal of a Lie algebra. An
ideal h in g is a subspace satisfying [h, g] ⊆ h. Consider a finite dimensional Lie algebra g, defining
g0 = g, g1 = [g, g] and for all n ∈ Z, satisfying j > 1,
gn+1 = [gn, gn] , (B.14)
we find a decreasing sequence
g = g0 ⊇ g1 ⊇ g2 ⊇ ... (B.15)
known as the commutator series of g. One may show that each gn is an ideal in g. A Lie algebra
g is solvable if gn = 0 for some n.
A finite dimensional Lie algebra is simple if it is not an Abelian algebra and g has no proper
nonzero ideals. A finite dimensional Lie algebra g is semi-simple if g has no nonzero solvable ideals.
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One may show that for any semi-simple Lie algebra g the Killing metric B satisfies det(Bij) 6= 0,
it follows that the inverse Killing metric B−1 with components Bij exists and therefore Bij and
Bij may be used to raise and lower Lie algebra indices.
B.2.3 Roots of a Lie Algebra
For a semi-simple Lie algebra g one may split the generators Xi into two distinct sets. To begin
with, for a rank n Lie algebra, one may find a maximal set of n commuting generators, known as
the Cartan sub-algebra h of g. The generators in the Cartan sub-algebra Hi ∈ h, i = 1, ..., n,
satisfy
[Hi, Hj ] = 0, (B.16)
for all Hi, Hj ∈ h. The remaining generators, which we shall denote E~α, have the following
commutation relations with an element of the Cartan subalgebra Hi,
[Hi, E~α] = αiE~α, (B.17)
where αi ∈ C. Thus, for any generator Eα one finds a corresponding complex number αi for
each element of the Cartan subalgebra Hi, given by the commutation relation (B.17). Therefore,
the generators E~α are eigenstates under the Lie bracket operation, for any element of the Cartan
subalgebra Hi, i = 1, ..., n, with eigenvalue αi. One may think of ~α as a vector in an n dimensional
space, with components given by αi, i = 1, ..., n in the following way
~α = (α1, α2, ..., αn) . (B.18)
The vector ~α is known as a root of the Lie algebra g. For each element of the Lie algebra Xi ∈ g,
outside of the Cartan subalgebra, there exists a unique root ~α, furthermore, no roots of the Lie
algebra are identically zero. Denoting the set of roots ~α of a Lie algebra g by ∆, one may split ∆
into two sets by defining an arbitrary ordering on the root space. By way of example, one may take
a root ~α to be positive, written ~α > 0 if its first non-zero component αi is positive. It is important
to stress that there exist alternative orderings of the root space, for instance the root space of a
rank n Lie algebra with corresponding simple roots ~αi, i = 1, 2, ...n, could be ordered by defining
~α1 > ~α2 > ... > ~αn. All roots α ∈ ∆ that are not positive are then defined to be negative ~α < 0.
The set of positive roots are then ∆+ = {~α ∈ ∆|~α > 0} while the set of negative roots are ∆− < 0.
We then define the set of positive and negative root generators as g+ = {E~α ∈ g : ~α ∈ ∆+} and
g− = {E~α ∈ g : ~α ∈ ∆−}, respectively. A simple root of a semi-simple Lie algebra g is a root
that cannot be written as the sum of two positive roots. A rank n Lie algebra contains n simple
roots that may be used as a basis for the root vector space.
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The full set of commutation relations between elements in g are
[Hi, Hj ] = 0, (B.19)
[Hi, E~α] = αiE~α, (B.20)[
E~α, E~β
]





where N~α,~β is a constant that is dependent on the normalisation of the generators. The first
two commutation relations have been discussed previously. From the third commutation relation
(B.21) we see that the generator arising from commuting elements E~α ∈ g and E~β ∈ g has
eigenvalue αi + βi under the Lie bracket operation with a Cartan sub-algebra element Hi. The
fourth commutation relation (B.22) implies that taking the Lie bracket of two generators with
roots ~α and −~α, of opposite sign, returns a linear sum of Cartan subalgebra generators weighted
by the root ~α.
One may view any root ~α as a linear functional on the Cartan subalgebra, α : H → C, where
the action of α on the basis elements Hi, i = 1, 2, ..., n of the Cartan subalgebra is defined by
α(Hi) = αi. Therefore the set of roots ~α ∈ ∆ are in the dual vector space H∗. The Killing metric
may be used to associate a unique element of the Cartan subalgebra H to every element of the
dual vector space H∗ by defining
α(h) = B(h~α, h), (B.23)
where h ∈ H and h~α is the element of the Cartan subalgebra dual to ~α. To find the element of the
Cartan subalgebra h~α associated with the root ~α we will evaluate (B.23) by taking h~α = d
iHi and
h = ciHi one then has
~α(h) = ciαi, (B.24)





where Gij are the components of the the Killing metric restricted to the Cartan subalgebra. There-
fore we find di = Gijαj and so the unique element of the Cartan subalgebra H associated with the
root ~α is h~α = G
ijαjHi.
It can then be shown that there exists a scalar product on the space of roots (·, ·) : ∆×∆→ C,










B.2 Lie Groups and Lie Algebras
In terms of the components of the roots ~α, ~β and the Killing metric restricted to the Cartan








A Lie algebra is simply laced if all of its roots ~α ∈ ∆ are the same length, as defined by the scalar
product (B.27). We will normalise all roots ~α ∈ ∆ of a simply laced algebra, such that (~α, ~α) = 2.
B.2.4 The Cartan Matrix and Dynkin Diagrams
Given a rank n semi-simple Lie algebra g and its simple roots ~αi, i = 1, ..., n, one may form the





The Cartan matrix A has the following properties
• The components of the Cartan matrix A are restricted to the integers {−3,−2,−1, 0, 2}.
• For the diagonal components of the Cartan matrix A one has Aii = 2.
• For i 6= j, Aij ≤ 0.
• A component of the Cartan matrix Aij satisfies Aij = 0 if and only if Aji = 0.
• There exists a diagonal matrix D with positive entries such that DAD−1 gives a symmetric,
positive definite quadratic form.
A Cartan matrix A of a rank n Lie algebra g is neatly summarised through the use of a Dynkin
diagram. To construct a Dynkin diagram from a Cartan matrix A of a rank n Lie algebra one
draws n nodes, then connects nodes i and j by AijAji edges, if Aij > Aji then an > symbol
is included along the edges connecting nodes i and j. The Dynkin diagrams may be used to
completely classify the finite dimensional Semi-simple Lie algebras. The result is the classical Lie
algebras An = sl(n+ 1,C), for n = 1, 2, 3, ...; Bn = o(2n+ 1,C), for n = 2, 3, 4, ...; Cn = sp(n,C),
for n = 3, 4, 5, ...; Dn = o(2n,C), for n = 4, 5, 6, ..., and the exceptional Lie algebras G2, F4, E6,
E7 and E8, with Dynkin diagrams given in figures 24 and 25.
Note that a dashed line indicates a line of nodes with each node connected to the two adjacent
nodes by a single edge.
To construct the classical and exceptional Lie algebras from their Dynkin Diagram or, equiva-
lently, Cartan matrix one may define the Chevalley-Serre generators by scaling the generators of
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Figure 24: The classical Lie algebras
















where αia is component i of simple root a, Hi are the Cartan subalgebra generators, E~αa and E−~αa
are the generators of the positive and negative simple roots, respectively, and a, i = 1, ..., n. The
commutation relations for the Chevalley-Serre generators are then
[Ha, Hb] = 0,
[Ha, Eb] = AabEb,
[Ha, Fb] = AabFb,
[Ea, Fb] = δabHa.
(B.30)
Taking the Chevalley-Serre generators of a finite dimensional semi-simple Lie algebra g, with Cartan
matrix A, to satisfy the relations
[Ea, [Ea, ...Eb] ...] = 0 (B.31)
and
[Fa, [Fa, ...Fb] ...] = 0 (B.32)
one may show that a unique semisimple complex Lie algebra can be constructed.
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Figure 25: The exceptional Lie algebras
B.2.5 Weights and Representations
Let us now consider how the generators of a rank n semi-simple Lie algebra g partitioned into its
positive and negative root generators E~α ∈ g and the Cartan subalgebra h, act upon a representa-
tion space V . Consider an arbitrary irreducible finite dimensional representation of a semi-simple
Lie algebra acting on a vector space V . Since the elements of the Cartan subalgebra commute, one
may choose a basis in which the states |ψ〉 ∈ V belonging to the vector space V are simultaneous
eigenvectors of all Cartan subalgebra elements. The action of a Cartan subalgebra element Hi, in
Cartan-Weyl basis, on an eigenvector |ψ~µ〉 ∈ V is given by
Hi |ψ~µ〉 = µi |ψ~µ〉 (B.33)
where Hi ∈ h and µi ∈ C. The complex number µi is the i’th component of the weight vector
~µ carried by a state |ψ~µ〉. For a rank n Lie algebra the weight vector ~µ is an element of an n
dimensional vector space. One may define an ordering on the space of weights in the same way we
have defined an ordering on the space of roots ∆, by taking a weight vector ~µ to be positive ~µ > 0 if
its first non-zero component ~µi is positive. All weight vectors ~µ that are not positive or identically
zero are then defined to be negative ~µ < 0. From the action of the adjoint representation (B.10)
and the commutation relation (B.20), we see that the roots ~α ∈ ∆ are the weights of the adjoint
representation.
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The weights are linear maps on the Cartan subalgebra to the complex numbers and are thus
elements of the set of linear functionals on the Cartan subalgebra h∗. It follows that the Killing
metric B may be used to define a scalar product on the space of weights (, ) : h∗ × h∗ → C, such
that for µ, ν ∈ h∗,
(µ, ν) = µiνjgij = µ
iνj , (B.34)
where gij is the Killing metric. We now consider how the rest of the algebra g acts on the states
|ψ~µ〉 of a representation. For a state |ψ~µ〉 of weight ~µ and a positive root generator E~α ∈ ∆+, one
finds
HiE~α |ψ~µ〉 = [Hi, E~α] |ψ~µ〉+ E~αHi |ψ~µ〉
= αiE~α |ψ~µ〉+ µiE~α |ψ~µ〉
= (µi + αi)E~α |ψ~µ〉 ,
(B.35)
where we have made use of equation (B.20). Similarly, a negative root generator E−~α, where −~α
is a negative root, acting on a state |ψ~µ〉 of weight ~µ gives
HiE~α |ψ~µ〉 = (µi − αi)E~α |ψ~µ〉 . (B.36)
So we may view positive root generators as raising operators E~α ∈ ∆+, and negative root generators
E~α ∈ ∆− as lowering operators. We also see that acting on a state |ψ~µ〉 of weight ~µ with a raising
E~α or lowering operator E−~α leads to a state |ψ~µ±~α〉 = E±~α |ψ~µ〉 of weight (~µ± ~α). However, for a
given finite dimensional representation there is no guarantee that such a state may exist. Instead,
taking a state with highest weight ~Λ in a finite-dimensional representation one may construct all the
states in the representation through the action of the positive and negative root generators as raising
and lowering operators. In fact, one only needs the positive root generators E~α corresponding to
the n simple roots ~α and their negative root generator counterparts E−~α. Starting with a highest
weight state
∣∣ψ~Λ〉, we have, by definition, that every positive root generator annihilates the highest
weight state
∣∣ψ~Λ〉. Acting with a lowering operator E−~α on the highest weight state ∣∣ψ~Λ〉 it may







where p is a positive integer. In general, a state |ψ~µ〉 with weight ~µ in the representation will give
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where p is a positive integer. Similarly, a state |ψ~µ〉 with weight ~µ will give rise to another state of





where q is a positive integer. A representation may then be filled out by starting with a highest
weight state
∣∣ψ~Λ〉 and acting on this state, along with all resulting states with the raising and
lowering operators until no further states may be constructed. One should note that more than
one state in a representation of a Lie algebra may have the same weight. The multiplicity of
a weight ~µ is the number of states in a representation of a Lie algebra g that possess weight ~µ.
All states in representations of the rank n semi-simple Lie algebras that we are concerned with in
this thesis have multiplicity one, except the adjoint representation which possesses n states with
weight zero, all other states in the adjoint representation have multiplicity one. The fundamental








where ~αi, i = 1, ..., n are the simple roots of the Lie algebra g, allow us to express the highest





for some set of non-negative integer coefficients mi. The set of finite dimensional, irreducible
representations, of a rank n semi-simple Lie algebra is in one-to-one correpondence with the set
of highest weights of the form
∑n
i=1mi
~Λi, with non-negative integer coefficients mi. Therefore,
starting from a highest weight state ~µ, one may construct any finite dimensional, irreducible rep-
resentation of a semi-simple Lie algebra through the process described above.
Any finite dimensional, irreducible representation of a semi-simple Lie algebra naturally gives
rise to a representation of the corresponding semi-simple Lie group through the exponential map
defined in equation (B.7). However, to write the group elements of a semi-simple Lie group G in
a more useful form we will look to decompose the Lie algebra g, with positive root generators E~α,
negative root generators E−~α and Cartan subalgebra elements in a particular way. The Lie algebra
automorphism τ : g→ g defined by
τ : (E~α, E−~α, H)→ −(E−~α, E~α, H), (B.42)
where ~α > 0, is known as the Cartan involution. Denoting the generators of the subalgebra of
g preserved by the Cartan involution as k we find k = {(E~α − E−~α) ∈ g : ~α ∈ ∆+}. The Iwasawa
decomposition then allows one to write a semisimple Lie algebra g as g = n ⊕ a ⊕ k, where k
are defined as above, a are the generators of the Cartan subalgebra and n are the generators of
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a nilpotent subalgebra, which we may take to be the positive root generators of g. Any group
element g ∈ G, may then be written g = KAN , where K is the maximal compact subgroup of G,
generated by k, A is the maximal abelian subgroup, generated by a and N is a nilpotent subgroup











where χ~α, k~α are the parameters of the positive root generators and the generators of the maximal
compact subgroup, respectively, and ~H, ~φ are n vectors of the Cartan subalgebra elements and
their parameters, respectively, in the scalar product ~φ. ~H = φ1H1 + ... + φnHn. The numerical
factor − 1√
2
in (B.43) is purely a convention adopted in this thesis for convenience and may be
absorbed into the definition of the parameters. Therefore, given a finite dimensional, irreducible
representation of a semi-simple Lie algebra g with generators that are k × k matrices we may
obtain a representation of the corresponding Lie group g known as the k of G through the Iwasawa
decomposition, with group elements given by (B.43). Under a transformation by g ∈ G in the
representation k, we have
|ψk〉 → D(g−1) |ψk〉 (B.44)
where D(g−1) is the representation of the inverse of the group element g given by the Iwasawa
decomposition (B.43) in terms of a k×k matrix representation of the generators of the Lie algebra
g and the states |ψk〉 are in a k dimensional vector space V . One may similarly construct the dual
representation of G, denoted k by taking the states
〈
ψk
∣∣ ∈ V ∗ that are linear functionals on V ,
which transform as
〈ψk| → 〈ψk|D(g). (B.45)
The inner product 〈ψk|ψk〉 is clearly invariant under G.
In addition to picking out the maximal compact subroup K as the group generated by those
Lie algebra elements invariant under the Cartan involution, one may use the Cartan involution
τ to define a twisted group representation that will be useful to us when constructing the fields
in the effective actions of type IIA/B string theory and M-theory as non-linear representations of
the En+1(Z) U-duality group. If we take the states in the Cartan twisted representation to be
|ψτk〉 = ψτa|ea〉, then the components ψτa transform as
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One may also define a Cartan twisted dual representation, with states 〈ψτk| = ψaτ 〈ea|. The
components of the Cartan twisted dual representation then transform as
ψaτ → U(g)ψτa = ψbτD (τ (g))b a. (B.47)
B.2.6 SL(3) Example
Let us examine the concepts presented in this section by investigating the Lie algebra of the semi-





The SL(3) Dynkin diagram is given in figure 26. The Lie algebra sl(3,R) of SL(3) over R is given
Figure 26: The SL(3) Dynkin diagram
by
sl(n,R) = {X ∈ gl(3,R) : Tr(X) = 0} . (B.49)
The dimension of the SL(3) Lie group is 8, so we require 8 basis elements for the SL(3) Lie algebra
g. The Cartan subalgebra will be made up of 2 commuting matrices since SL(3) has rank 2. For
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The commutation relations between the Cartan subalgebra elements H1, H2 and the positive root
generators E12, E13, E23 are then

















































corresponding to the generators E12, E13 and E23, respectively. The
negative roots are clearly
















and associated with the genera-
tors F12, F13 and F23, respectively. One may check that our chosen basis with the set of roots


















The simple roots ~α1, ~α2 allow us to calculate the fundamental weights that provide a basis for the
highest weights of the irreducible representations of SL(3). From equation (B.40), the fundamental



















It is instructive to calculate the weights and construct the corresponding states in the representation
of sl3 with highest weight ~Λ1. Acting on the state |ψ~Λ1〉 with the lowering operator F12 = E−~α1
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acting on the highest weight state |ψ~Λ1〉 with the lowering operator F23 = E−~α2 annihilates the
state highest weight state, so the only state that may be constructed from the highest weight state
through the action of a single lowering operator is |ψ~Λ1−~α1〉. Acting on the state |ψ~Λ1−~α1〉 with














We then find that both lowering operators E−~α1 and E−~α2 annihilate the state |ψ~Λ1−~α1−~α2〉 so all
the states in the representation of sl3 with highest weight ~Λ1 have been found. This representation

















leads to the expected weights under the action of the Cartan subalgebra h.
B.3 Non-linear Realisations
It is well known that the scalar fields in the d = 10−n dimensional maximal supergravity theories
possess a En+1(R) global symmetry and a local symmetry given by the maximal compact group
H. The scalars in a d = 10 − n dimensional maximal supergravity theory parametrise the coset
En+1(R)/H(R) and transform in the adjoint representation of En(R), while the gauge fields lie in
various representations of En+1(R) and transform linearly under a En+1(R) group transformation.
Terms in the d = 10−n dimensional maximal supergravity action are then constructed from these
linear representations of the group G and are invariant under this symmetry. However, it will be
desirable for us to use the theory of non-linear realisations to write the d = 10 − n dimensional
maximal supergravity action in terms of fields transforming under non-linear representations of
En+1(R) and the Cartan forms of En+1(R)/H(R).
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Consider a group G with subgroup H. For g ∈ G, a natural action on the group G is given by
g → g0g, (B.59)
where g0 ∈ G. However, if one considers the coset space constructed by taking G/H and the
natural action on the coset space G/H through the group G in equation (B.59), then we find that
this action does not in general preserve a given coset representative g ∈ G/H. The preservation of
a choice of coset representative g ∈ G/H requires a compensating transformation which is provided
by the action of the subgroup H on g. Elements of the coset space then transform as
g → g0gh−1, (B.60)
where h−1 ∈ H. In this thesis we are interested in taking a group G, with spacetime dependent
group elements g ∈ G and a local subgroup H, where the group elements g ∈ G transform as
g → g0gh−1, (B.61)
where h ∈ H is also spacetime dependent and g0 ∈ G is a constant group element, this is known as
a non-linear realization of G with respect to H. If we denote the coset representatives by g(ξ),
where ξ labels the equivalence classes in the coset, then under a g0 transformation we have
g(ξ)→ g0g(ξ) = g′(g0 · ξ)h(g0, ξ). (B.62)
The right multiplication of the coset element g′ ∈ G/H by the subgroup element h(g0, ξ) is the
compensating transformation required to preserve our choice of coset representative. For the
semisimple Lie groups En+1(R), we may make use of the Iwasawa decomposition (B.43) and
the local symmetry H, to write the coset element g ∈ En+1/H in terms of the generators of a








where χ~α and ~φ are the fields parameterising the coset. A representation of the coset g ∈ En+1/H
is the basic object from which the Cartan forms are constructed to give the derivatives of the
scalars appearing in the effective action of type IIA/B string theory and M-theory in d = 10 − n
dimensions and the object used to convert the field strengths formed from the gauge fields that




For a Lie group G, the Lie algebra valued one-form gdg−1, where g ∈ G and d is the exterior
derivative, is the Cartan form of G. We will be interested in the case where the Lie group is the
quotient group En+1/H, as such, the coset element g ∈ En+1/H transforms as g → g0gh where
g0 ∈ En+1 is a rigid group element and h ∈ H is a local element of the maximal compact subgroup
H. Denoting the Cartan form of En+1/H by V = gdg−1, we find V transforms as
V = g−1dg
→ (g0gh)−1 d (g0gh)
= h−1g−1g−10 g0d (gh)
= h−1g−1 ((dg)h+ g (dh))
= h−1Vh+ h−1dh.
(B.64)
Defining the generalised transpose # : g → g through the Cartan involution as A# = −τ(A), one
may split the Cartan form V into its symmetric and antisymmetric parts under the action of the
generalised transpose #, by taking
V = S + ω, (B.65)








(V + τ (V)) .
(B.66)



















































Additionally, under the Cartan involution τ we have
τ (S) =1
2















(V + τ (V))
=ω
(B.70)
thus ω lies in the subalgebra k while S lies in the complement g − k, where k is the subalgebra
preserved by the Cartan involution that generates the maximal compact subgroup H of G. The
dynamics of the scalars appearing in the effective action of type IIA/B string theory and M-theory
in d = 10 − n dimensions may then be constructed by tracing over the group indices of products
of the symmetric part Sµ of the Cartan form Vµ for the group En+1/H. In particular, the two











where the overlined upper case Roman indices are internal H indices.
B.3.2 Non-linear Representations
Consider a linear representation of G with states |ψ〉 = ∑Na=1 ψa |ψ~µa〉 belonging to an N di-
menional vector space V , where we have expanded the state |ψ〉 in a complete set of eigenvectors∣∣ψ~µi〉 of the Cartan subalgebra, with corresponding components ψa. The components ψa transform







By taking a coset element g−1 ∈ G/H, where H is a subgroup of G and ξ are the coordinates of
the coset element g−1, one may convert a linear representation of G to a non-linear representation
by defining
ϕa (ξ) = D((g
−1(ξ)) ba ψb. (B.73)
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=D((g(ξ′)h(g0, ξ))−1) ba ψb
=D(h−1(g0, ξ)) ba ϕ(ξ
′)b.
(B.74)
So under the action of G, ϕ transforms by some matrix representation of h(g0, ξ) ∈ H, which is
a function of the rigid group element g0 and the coset coordinate ξ. In general the compensating
transformation D(h−1(g0, ξ)) may always be found although solving explicitly for the components
D(h−1(g0, ξ)) ba may be difficult.
We may also convert any linear N dimensional dual representation of G acting on representation
space elements 〈ψ| = ψa〈ψ~µa |, with components ψa that transform as
U(g0)ψ
a = ψbD (g0)
a
b , (B.75)
to a non-linear representation of G with respect to H by defining
ϕaD (ξ) = ψ
bD((g(ξ)) ab . (B.76)




′)bD(h(g0, ξ)) ab . (B.77)
One could then construct invariants under the action of G by taking terms of the form ϕaD (ξ)ϕa (ξ),
however these terms are trivially invariant and do not give terms that we may identify as the field
strength bilinears that appear in the effective action of type IIA/B string theory and M-theory in
d = 10 − n dimensions. Instead, one must convert the Cartan twisted and Cartan twisted dual
representations to non-linear representations of the symmetry group G with respect to its maximal















where g# = (τ (g))
−1
. The components of the Cartan twisted non-linear representation ϕτa and
the Cartan twisted dual non-linear representation ϕaτ then transform as











τ (ξ) = ψ
τbD (h (g0, ξ))b
a. (B.81)
So we see that the term









where M = gg#, is invariant under rigid transformations g0 ∈ G. The Cartan twisted dual
representation with components ψaτ and the representation with components ψa are isomorphic
and the non-linear representations constructed from them transform under the maximal compact
subgroup H, therefore the term ϕaτ (ξ)ϕa (ξ) may be written ϕIϕJδ
IJ , where overlined upper
case Roman indices are internal H indices. Since the non-linear representations of G transform
under the maximal compact subgroup H it is possible to construct invariants through contracting
H indices of covariant or invariant H tensors. For instance the maximal compact subgroup of
SL(n) is SO(n), therefore if ϕI a non-linear representation of SL(n) with respect to SO(n) one
may construct an invariant by taking I1...InϕI1 ...ϕIn , where 
I1...In is the totally antisymmetric
tensor, which is an SO(n) invariant. The term ϕa(ξ)ϕτa(ξ) is similarly invariant under G, however
it is related to ϕaτ (ξ)ϕa (ξ) by a change of basis of the Lie algebra g, therefore we find no new
invariants from considering terms of this form.
C Evaluation of the Perturbative Parts of Unconstrained
Eisenstein-like Automorphic Forms
In this section we derive the perturbative parts of the unconstrained Eisentein-like automorphic
forms contructed from representations of En+1 considered in chapter 8. The relevant weight in-
formation needed to construct the perturbative parts of the automorphic forms are given in table
form for each representation, where jn and jn+1 are equal to the absolute value of the coefficients
of the ~αn and ~αn+1 simple roots in each weight ~µi in the root string. One may then use (8.43) to
write down the perturbative part of the automorphic form. Note that the ordering of the weights
in the representation is such that ~µi > ~µj if the first non-zero component of ~µi− ~µj in the ordered
basis (0, 1, 0), (1, 0, 0) and (0, 0, µ) is positive.
C.1 10 of SL(5)
The SL(2)× SL(n) decomposition of the representation of SL(5) with highest weight ~Λ1 is given
in table 11.
The perturbative part of the unconstrained Eisenstein-like automorphic form constructed from the
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C.2 16 of SO(5, 5)
(jn, jn+1) (0,0) (1,1) (1,2) (2,0)
SL(m) rep. λ1 λ2 λ2 0
SL(2) weight 0 µ −µ 0
dα 3 3 3 1
aα 0 3 6 9 10
bα 0 0 3 6 8
Table 11: Decomposition of the 10 of SL(5)

































































































































































C.2 16 of SO(5, 5)
The SL(2)× SL(n) decomposition of the representation of SL(5) with highest weight ~Λ1 is given
in table 12.
(jn, jn+1) (0,0) (1,1) (1,2) (2,0)
SL(m) rep. λ1 λ3 λ3 λ1
SL(2) weight 0 µ −µ 0
dα 4 4 4 4
aα 0 4 8 12 16
bα 0 0 4 8 16
ncaα − bα 0 4 4 16
Table 12: Decomposition of the 16 of SO(5, 5)
The perturbative part of the unconstrained Eisenstein-like automorphic form constructed from the
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C.3 24 of SL(5)


































































































































C.3 24 of SL(5)
The SL(2)×SL(n) decomposition of the representation of SL(5) with highest weight ~Λn−1 +~Λn+1
is given in table 13.
(jn, jn+1) (0,1) (0,2) (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)




0 0 0 0
SL(2) weight µ −µ 2µ 0 0 0 0 0
dα 3 3 1 3 1 1 1 1
aα 0 3 6 7 10 11 12 13
bα 0 0 0 1 4 5 6 7
ncaα − bα 0 0 6 6 6 6 6 6






SL(2) weight 0 −2µ µ −µ
dα 3 1 3 3
aα 14 17 18 21 24
bα 8 11 12 18 24
ncaα − bα 6 6 6 24 24
Table 13: Decomposition of the 24 of SL(5)
The perturbative part of the unconstrained Eisenstein-like automorphic form constructed from the
representation of 24 of SL(5) with highest weight ~Λ1 + ~Λ4 is given by
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d EkPk ((λ1 + λ2, φ))
+
+ V 2n g
−4





+ V 2n g
−4





















− 43 s+ 292
n g
−3








d EkPk (λ1, φ) .
(C.4)
C.4 78 of E6
The SL(2)×SL(n) decomposition of the representation of E6 with highest weight ~Λn−1 is given in
table 14. The perturbative part of the unconstrained Eisenstein-like automorphic form constructed
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C.4 78 of E6
(jn, jn+1) (0,1) (1,1) (1,2) (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
SL(m) rep. λ4 λ2 λ2 0 (λ1 + λ4)
+
0 0 0 0
SL(2) weight 0 µ −µ 2µ 0 0 0 0 0
dα 5 10 10 1 10 1 1 1 1
aα 0 5 15 25 26 36 37 38 39
bα 0 0 10 20 22 42 44 46 48
ncaα − bα 0 5 5 30 30 30 30 30 30
(jn, jn+1) (2,7) (2,8) (2,9) (2,10) (3,1) (3,2) (4,0)
SL(m) rep. 0 0 (λ1 + λ4)
−
0 λ3 λ3 λ1
SL(2) weight 0 0 0 −2µ µ −µ 0
dα 1 1 10 1 10 10 5
aα 40 41 42 52 53 63 73 78
bα 50 52 54 74 76 106 136 156
ncaα − bα 30 30 30 30 83 83 156
Table 14: Decomposition of the 78 of E6
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C.5 45 of SO(5, 5)
(jn, jn+1) (0,0) (1,1) (1,2) (2,1) (2,2) (2,3) (2,4) (2,5)
SL(m) rep. 0 λ2 λ2 λ1 + λ3 0 0 0 0
SL(2) weight 0 µ −µ 0 2µ 0 0 −2µ
dα 1 6 6 1 6 1 1 1
aα 0 1 7 13 14 20 21 22
bα 0 0 6 12 42 44 46 48
ncaα − bα 0 1 1 14 14 14 14 14
(jn, jn+1) (2,6) (2,7) (2,8) (2,9) (3,1) (3,2) (4,0)
SL(m) rep. λ2 λ2 0 0 λ
2 λ2 0
SL(2) weight µ −µ 0 −2µ µ −µ 0
dα 1 1 6 1 6 6 1
aα 23 24 25 31 32 38 44 45
bα 50 68 86 48 50 68 86 90
ncaα − bα 14 14 14 14 46 46 90
Table 15: Decomposition of the 45 of SO(5, 5)
C.5 45 of SO(5, 5)
The SL(2) × SL(n) decomposition of the representation of SO(5, 5) with highest weight ~Λn is
given in table 15. The perturbative part of the unconstrained Eisenstein-like automorphic form

































































































































































































































































































































































































C.6 248 of E8
The SL(2) × SL(n) decomposition of the representation of E8 with highest weight ~Λ1 is given in
table 16. The perturbative part of the unconstrained Eisenstein-like automorphic form constructed
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C.6 248 of E8
(jn, jn+1) (0,0) (1,1) (1,2) (2,0) (3,1) (3,2) (4,1) (4,2) (4,3)





SL(2) weight 0 µ −µ 0 µ −µ 2µ 0 0
dα 7 7 7 35 21 21 1 21 8
aα 0 7 14 21 56 77 98 99 120
bα 0 0 7 14 84 147 210 214 298
ncaα − bα 0 7 7 28 84 84 182 182 182





0 0 λ5 λ3 λ1 λ1 λ6
SL(2) weight 0 −2µ µ −µ 0 µ −µ 0
dα 21 1 21 21 35 7 7 7
aα 128 149 150 171 192 227 234 241 248
bα 330 414 418 523 628 838 887 936 992
ncaα − bα 182 182 332 332 524 751 751 992
Table 16: Decomposition of the 248 of E8
from the representation of E8 with highest weight ~Λ




















































































































































































































































































































































































































































































































































































































































































































































































































































C.7 56 of E7
The SL(2) × SL(n) decomposition of the representation of E7 with highest weight ~Λ1 is given in
table 17. The perturbative part of the unconstrained Eisenstein-like automorphic form constructed
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C.7 56 of E7
(jn, jn+1) (0,0) (1,1) (1,2) (2,0) (3,1) (3,2) (4,0)
SL(m) rep. λ1 λ5 λ5 λ3 λ1 λ1 λ5
SL(2) weight 0 µ −µ 0 µ −µ 0
dα 6 6 6 20 6 6 6
aα 0 6 12 18 38 44 50 56
bα 0 0 6 12 52 70 88 112
ncaα − bα 0 6 6 24 62 62 112
Table 17: Decomposition of the 56 of E7
from the representation of E7 with highest weight ~Λ









































































































































































































































































































































D Decomposition of the En+1 Algebra in Various Limits
D.1 Perturbative Limit
To investigate the properties of our automorphic form in the gd → 0 limit it will be expedient to
decompose the En+1 algebra into a GL(1)×SO(n, n) subalgebra. To do this we delete node n+ 1
of the Dynkin diagram, the simple roots ~α of En+1 then decompose as







where the tilde denotes SO(n) simple roots and fundamental weights. The variable x is fixed by
the condition on the length of the simple roots, ~α2n+1 = 2 = x
2 + λ2n, this leads to x
2 = 8−n4 . The

















To investigate the properties of our automorphic form in the Vm → ∞ limit we decompose the
En+1 algebra into a GL(1)×SL(n+ 1) subalgebra. To do this we delete node n− 1 of the Dynkin
diagram, the simple roots ~α of En+1 then decompose as









~αn+1 = (0, αn)
(D.3)
where the underline denotes SL(n + 1) simple roots and fundamental weights. The variable x is
fixed by the condition on the length of the simple roots, ~α2n−1 = 2 = x
2 + λ2n−2, this leads to
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D.3 IIB Volume Limit






























D.3 IIB Volume Limit
To investigate the properties of our automorphic form in the Vm → ∞ limit we decompose the
En+1 algebra into a GL(1)×SL(2)×SL(n) subalgebra. To do this we delete node n of the Dynkin
diagram, the simple roots ~α of En+1 then decompose as






~αn+1 = (0, β1, 0) ,
(D.5)
where the underline denotes SL(n) simple roots and fundamental weights and µ1, β1 are the
fundamental weight and simple root of SL(2) respectively. The variable x is fixed by the condition
on the length of the simple roots, ~α2n = 2 = x
2 + λ2n−2 + µ
2
1, this leads to x
2 = 8−n2n . The






















D.4 Decompactification of a Single Dimension Limit
To investigate the properties of our automorphic form in the Vm → ∞ limit we decompose the
En+1 algebra into a GL(1)× En subalgebra. To do this we delete node 1 of the Dynkin diagram,






~αi = (0, αˆi−1) , i = 2, ..., n+ 1,
(D.7)
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D.4 Decompactification of a Single Dimension Limit
where the hat denotes En simple roots and fundamental weights. The variable x is fixed by the
condition on the length of the simple roots, ~α21 = 2 = x















, i = 2, ..., n+ 1.
(D.8)
We now proceed to calculate the inner products of the En fundamental weights. To do this we
decompose the En algebra into a GL(1)× SL(n) subalgebra by deleting node n− 1, one finds















































The variable y is fixed by the condition αˆ2n−2 = 2, this gives y























where we have made use of the expression λi.λj =
i(n−j)
n for i ≤ j. We may now substitute this
back into ~α1.~α1 to fix the variable x,






D.5 IIA Volume Limit
D.5 IIA Volume Limit
The decomposition of representations of En+1 into those of SL(n) × GL(1) × GL(1) is given by
deleting nodes n and n + 1 of the Dynkin diagram appropriate to the type IIA theory. In this
section we will find how the roots and weights of En+1 decompose in terms of those of SL(n) ×
GL(1)×GL(1).
Let us carry out the decomposition by first deleting node n to find the roots and fundamental
weights of Dn and then delete node n+ 1 to find the algebra SL(n). Using the methods given in
reference, the simple roots of En+1 can be expressed as























We now delete node n to find the An−1 algebra. The roots of En+1 are found from the above
roots by substituting the corresponding decomposition of the Dn roots and weights into those of
















. Requiring α˜2n+1 = 2 gives y
2 = 4n We then find that the roots of En+1 are
given by
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